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Abstract

There is a geometric construction, due to Katz, that can be used to define dif-
ferential operators on modular forms of various types. Harris has applied this
construction to define an operator ¥ on spaces of C* Siegel modular forms. In
this thesis, we give a detailed exposition of Harris” work in [13]. We endeavour
to present the theory within its proper algebraic-geometric context, while at the
same time making full use of explicit analytic constructions. In addition, by iter-
ating twists of ¥, we define an operator © on scalar-valued forms. We verify that
this © is Maass’ operator when the dimension g = 2.
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Chapter 1

Introduction

1.1 Maass’ operator in dimension one

To orient ourselves, we will begin with an example. The ideas we touch on here
will be developed much more fully in the subsequent chapters.

Let 5 ={z € C|Im(z) > 0} denote the upper half of the complex plane. The
modular group SL,(Z) ={y = (¢}) € Mat,«»(Z) | dety =1} acts on §) by linear

fractional transformations:
az+b

cz+d’
Suppose we have a function f : $ — C that, for some k € Z, transforms under this
action according to the rule

f(y-z) = (cz+ d)*f(z) (1.1)

forallz € Handy = (¢}) € SL,(Z). If f is holomorphic, we will say that it is a
holomorphic modular form; if f is merely smooth, we will call it a C> modular form. !
The integer k is called the weight of f. The C* modular forms of weight k form a
complex vector space My°, which contains the holomorphic modular forms My
as a finite-dimensional subspace.

We are going to define a differential operator on M := @z MP°. Suppose
we differentiate (1.1) with respect to z:

f'(v-2z) = (cz+ d)**f'(2) + ke(cz + ) f(2). (1.2)
Note that f’ is almost a modular form of weight k + 2, but not quite — there is an
unwanted extra factor of kc(cz + d)*"'f(z). However, observe that
1 Cez+dPF (cz+ d)?
Im(y - z) Y Y
where y = Im z. Substituting the resulting expression for c(cz + d) into (1.2), we
get

— 2ci(cz 4+ d),

2
fly-2) = (cz + d)*2f(2) + 251 ((CZ: a° _ Im(L _ Z)) (cz + d)*f(2)
= (CZ + d)k+2 (f,(l) + %f(Z)) — mlzyz)f(y . Z).

IStrictly speaking, we should also impose a condition of boundedness at infinity.
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This shows f’(z) + %f (z) satisfies (1.1), with weight k + 2.
Definition 1.1.1. The differential operator

& My — M, 5(f)(z) :==1'(z) + =—f(z)

is known as the Maass operator.

Remark. Note that 6(f) will not be holomorphic in general, since y = Im z is not
holomorphic in z.

The operator 6 has a geometric interpretation. To explain this interpretation,
we must first understand the connection between the function-theoretic defini-
tion of modular forms that we have given, and certain aspects of the geometry of
complex elliptic curves.

We begin with the upper half-plane $). For every 1 € §), there is an elliptic
curve E; = C/A,, where A, is the lattice Zt & Z. As we vary T, the E. vary holo-
morphically, forming a family of elliptic curves over § which we will denote by
Euniv. (The family is ‘universal’ because every complex elliptic curve is isomorphic
to E; for some 1.) If T, T’ € §, then the fibres E; and E./ are isomorphic if and only
if T and T’ are related by the action of SL,(Z). Hence, the set of orbits SL,(Z)\$
is in bijection with the set of isomorphism classes of elliptic curves. Moreover, if
v =(9%) € SL,(Z) is such that T’ = yT, then the corresponding isomorphism on
the fibres is given by

©y:Er — By, z— (ct+d) 'z

Unfortunately, there does not exist a universal family over SL,(Z)\$. If we
want to construct universal families other than Ey,/$), we are forced to replace
the full modular group SL,(Z) with a finite index subgroup whose action on ) is
free. We will choose to focus on certain subgroups I'(N), for N > 3, called principal
congruence subgroups. The quotient Y(N) := I'(N)\$ is known as a modular curve.
It is a moduli space for elliptic curves equipped with a certain kind of N-torsion
data, and there exists a universal family E;, n over Y(N). This family is a quotient
of Euniv by I'(N): the fibre of Eniy,n Over a point I'(N)t € Y(N) is the elliptic curve
obtained from the equivalence class { E,. | y € I'(N) } via the identifications ¢,
above.

The modularity condition (1.1) can be explained in terms of the geometry of
the universal family E iy n/Y(N). Recall that the first de Rham cohomology of a
complex torus X = C/A has a Hodge decomposition

Hlz(X) = H°(X) @ H*'(X) = C du @ C d,

where u is the standard coordinate function on C. Assigning to each T € § the
vector space Hlx (E.) defines a vector bundle over §), which turns out to be trivial:

Hig (Euniv/$H) = H x Cdu @ C dit. (1.3)

We will write w and @ for the subbundles $ x C du and $ x C dii. Similarly, we
have a vector bundle HAR(EumV,N /Y(N)) over Y(N), which is a quotient of ’HJiR (Euniv/$)
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by the action vy — (¢, 1)* of T(N). If we choose to represent the fibre above
I'(N)t € Y(N) by E,, and the holomorphic part of its de Rham cohomology by
du € Hlg (E;), then this action identifies du with the pullback

(@y")*(du) = (et + d) du € Hig(Eyq). (1.4)

Note that the decomposition (1.3) is preserved, so we can write the quotient
H g (Eunivn/Y(N)) as a sum of holomorphic and anti-holomorphic pieces:

Hlg (Eunivn/Y(N)) = wy @ D

Modular forms are global sections of the kth tensor power w*. A global sec-
tion of w* lifts to a global section of w®*, which is the same thing as a holomor-
phic function f : $ — C. Because of (1.4), f necessarily satisfies (1.1) for all z € $
and y = (¢%) € T'(N). Conversely, if f is a modular form of weight k, then f
descends to a global section of w{* for all N > 3. Clearly, this correspondence
preserves holomorphicity /smoothness.

We can finally give the promised geometric interpretation of Maass’ operator.
For any holomorphic family X/S, there is a canonical way to differentiate the sec-
tions of H!x (X/S), known as the Gauss-Manin connection. If we identify Hl. (X/S)
with its sheaf of holomorphic sections, then the Gauss-Manin connection is a C-
linear map of sheaves

V:HIR(X/S) — Qf @0, Hir(X/S),

that satisfies a version of the Leibniz rule. We also have a C* version of this con-
nection:
Voo : HI(X/S) — AV ®cze HL(X/S),

where H!_(X/S) = C ®o, Hix(X/S), and AL = CL @0, Q! is the sheaf of smooth
differential forms on S of type (1,0).

The Gauss-Manin connection is characterised by its kernel, the local system of
horizontal sections. In the case of our family Eni,/$), the global horizontal sections
for V, are given by the C-span of

~ Rez _ T -

where u = x + 1y, and z € §). We have the identities
du=o«o+zp, du=«+ zf, (1.5)

and a formula for V, is given by V. (du) = dz® (3.
Writing W = Cyfy) ®0y, Wn and H! = H] (Euivn/Y(N)), we define a
map O by the diagram

)

Wik, —— (H1)"

| l(m)@k
i 1,0 1\ ®k
19 Aving ® (HL,)

I
|
|
! le—‘ @id

®(k+2) ®2 1) ®k
wN,oo wN,oo ® (Hoo) .



Here the horizontal arrows are induced by the canonical inclusion and projection,
V& is induced from V, via the product rule, and KS is the Kodaira-Spencer iso-
morphism du®? — dz. To compute ¥ on a section of wﬁk, we lift it to a section
of w®k, apply the Gauss-Manin connection and KS™! for Euan /%), and project the
result onto w®*+2). Note that the projection of § onto w is 5 du (from (1.5)), so
that 9(du) = du® ® 219 du. Hence, if f : $ — C is a smooth functlon we have

/(f du® ) = '(2)du®™? + kf9(du) @ du®*

( )+ —f) du®+2),

which shows 9 = &.

1.2 Theta operators for Siegel modular forms

We consider a g-dimensional generalisation of the picture sketched above. In
the new picture, the symplectic group Sp, (Z) replaces the special linear group
SL,(Z), the Siegel upper half space G4 replaces the upper half plane $), and abelian
varieties replace elliptic curves. Modular forms in this setting are known as Siegel
modular forms. As with elliptic modular forms, they have both an analytic and a
geometric definition. The weight of a Siegel modular form f is a holomorphic rep-
resentation k : GLy(C) — GL(V,). If k = det® for some k € Z, then we say that f
is scalar-valued and of weight k; otherwise, we call f vector-valued.
In [21], Maass defined a differential operator

. oo o
8y 0 M — M,

on the space Mg, of C* Siegel modular forms of degree g and weight k (our nota-
tion here is not Maass’, but is adapted from [13]). Maass defined this operator via
an explicit (but complicated) formula. In [13], Harris reinterpreted this operator
in the language of algebraic geometry. In fact, he defined a map

9 : { C* forms of weight std } — { C* forms of weight Sym®(std) @ std }, (1.6)

where std is the standard representation of GL4(C) on C9. He then showed that
both 84 and ¥ arise from certain canonical differential operators on the universal
enveloping algebra of the complexification of Sp, (R), and thereby established a
connection between them.

The geometric point of view adopted in [13] (and featured in the previous sec-
tion) is due to Katz. Katz’s techniques are applicable to many different kinds of
modular forms. For example, in [17], Katz defined a theta operator on mod p mod-
ular forms. This operator has recently been generalised by Ghitza and Flander to
mod p Siegel modular forms of arbitrary degree [9]. Working independently, Ya-
mauchi has considered essentially the same generalisation for forms of degree 2
[29]. Suppose « is a representation of GL4(C) arising from a Schur functor. The



mod p operator is of the form

Vrc : { mod p forms of weight k } —

{ mod p forms of weight Sym?(std) ® det®P V(std) @ « } . (1.7)

Compare the weights of the forms in the targets of (1.6) and (1.7). The factor of
Sym*(std) appears in both (and for the same reason), whereas the appearance of
the extra factor of det® " (std) in (1.7) is a phenomenon peculiar to characteristic
P (due to multiplication by the Hasse invariant).

It does not seem to be especially desirable to produce modular forms whose
weight contains Sym?(std) as an irreducible factor. In particular, it would be nice
to be able to produce scalar-valued forms from scalar-valued forms. However,
because of the intricacies of representation theory in characteristic p, an analysis
of ¥g¢ in the style of [13] would not seem to be feasible. In this direction, Ya-
mauchi noticed that if he applied his operator twice, the weight of the resulting
form had a factor of (Sym?std)®?, which is reducible if g = 2. By projecting onto
the irreducible factors of (Sym? std)®?, he obtained modular forms of various new
weights.

‘Theta operators” have many applications in number theory. For example, Har-
ris was motivated by proving rationality results for special values of L-functions
attached to Siegel modular forms. The characteristic p versions of these opera-
tors are closely related to mod p Galois representations; the connection has been
studied by Ghitza and McAndrew in [12].

1.3 What this thesis is about

We have two goals in this thesis. Our first goal is to give a detailed account of the
background necessary to understand Sections 4.0-4.4 of Harris’ paper [13]. Our
second goal is define to an operator © : Mg, — M5 ,,, using Yamauchi’s method
of iteration-then-projection. We will then verify, in the case g = 2, that © is the
Maass operator d,.

Although we have taken a more elementary route to its definition, the operator
O is already implicit in Harris” work. It must be acknowledged that in some ways,
Harris” point of view is more conceptual and powerful than ours. For example,
one can deduce from the results of [13] that @ = 3, for general g. However, the
low-tech approach we adopt to the representation theory in Section 5.1 is well-
suited to the characteristic p setting, and it should be possible to define a mod
p analogue of the Maass operator © using our methods. It would be interesting
to compare such an operator to the one defined by Bocherer and Nagaoka in [3],
using completely different techniques.

1.4 How this thesis is organised

Our main object of study will be a universal family of abelian varieties A, over
the Siegel upper half space &,. This is analogous to the family of elliptic curves
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Euniv/$ introduced in Section 1.1. We will be especially interested in its quo-
tients Ayniv,n/Sgn by certain finite index subgroups I'y(N) of the modular group
Sp,,(Z).

Z%n Chapter 2, we define A niv/S4 as a family of complex tori, and discuss its co-
homology from a topological point of view. This will be important later when we
define and calculate the Gauss-Manin connection. In Chapter 3, we define the de
Rham cohomology sheaf HAR(AMV /84), and show that it satisfies a relative ver-
sion of the Hodge decomposition. In Chapter 4, we consider A niv/Sg4 as a family
of abelian varieties. We define the families Auniv,n/Sgn, and give the geometric
definition of Siegel modular forms. In Chapter 5, we define the C* theta operator
O, and calculate it in the case g = 2.

There is an index of notation following Chapter 5.



Chapter 2

Cohomology of a family of complex
tori

A complex abelian variety is, in particular, a complex torus. In this chapter, we
define 7 : Ayniv — &4 as a family of complex tori, and discuss its singular co-
homology. The fibre of this family lying above a point T € &, is the complex
torus A. = C9/A,, where A is the lattice spanned by the standard basis vectors

er,...,eq of CY and the columns T,..., T4 of the matrix T. We will see that 1st
homology group H;(A+;Z) of A, can be identified with A, itself. It follows that
H'(A;C)=Cei®...0Ce,aCtia...0CT}, (2.1)

since H'(A,;C) = Hom(A, ®z C;C).

The main technical work in this chapter is to show how the vector spaces
H'(A+; C) fit together to form a locally free Og -module H'(Auny/Sg). In fact,
H(Auniv/ S,) is free: we will show that it has a basis of global sections «y, ..., &g,
B1,..., By that restricts to (2.1) on the fibres. These are the ‘horizontal sections’
that define the Gauss-Manin connection.

In Section 2.1, we show that the singular cohomology group H;(X;Z) of a com-
plex torus X = V/A may be identified with A. In Section 2.2, we construct the
family Ayniv/S4. In Section 2.3, we define a notion of singular cohomology for a
family f : X — S of complex manifolds, and apply this to Auniv/Sy.

21 Hi(VAZ) = A

Let V be a complex vector space of dimension g. A discrete subgroup A of V of
rank 2g is called a lattice. A complex torus is a quotient X = V/A where A is a lattice
in V. It is a g-dimensional complex Lie group. We will denote by q : V — X the
canonical projection.

Proposition 2.1.1. There is a canonical isomorphism A\ = m;(X, 0), given by mapping a
lattice point A to the homotopy class of the loop s — sA, s € [0, 1].

Proof. Since V is simply connected, we can regard the canonical projection q as
the universal covering map. We denote by

Auty (V) := { homeomorphisms ¢ : V — V such that g o ¢ = ¢
q P
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the automorphism group of the covering q. Let 71; (X, x) denote the fundamental
group of X at a point x, and recall that it acts on the fibre ¢~ (x) in the following
way: giveny € m(X,x) and v € 7' (x), we set

\)’Y:?“),

wherey : [0, 1] — V is the unique lift of y such that y(0) = v. This action is known
as the monodromy action.

First, we claim that Aut, (V) is precisely the group of translations t), where A €
A is a lattice point. Clearly, every t) belongs to Auty(V), so suppose @ € Aut,(V).
Set A := @(0); since q o @ = q, we have A € A. Note that both t, and ¢ send 0 to A.
Since covering homomorphisms are determined by their value on a single point
[20, Proposition 11.36], we must have ¢ = t,.

Now, because V is simply connected, 7; (X) := 71;(X, 0) isisomorphic to Aut4 (V)
via the map y — ¢, where @, is the unique automorphism of q satisfying

py(v) =v-vy

forallv € A = q7'(0) [20, Corollary 12.9]. In particular, given A € A, lety :
[0,1] — V be the path y(s) = sA, and let y = q oy. Then by definition of the
monodromy action, we have

,(0) =7(1) = A,

since v is a lift of vy beginning at 0 € V. Hence, ¢, = t,.
We have shown that there is an isomorphism

m(X) = Autg(V) ={ta [N € A},

which assigns to the homotopy class of the loop s — sA the g-automorphism t,.
It remains to note that { t, | A € A} = A, since the action of A on V by translations
is faithful. O

Corollary 2.1.2. There is canonical isomorphism A = H;(X;Z). In particular, H;(X;Z)
is a free abelian group of rank 2g.

Proof. Note that since m;(X) = A is abelian, it is canonically isomorphic to its
abelianization H;(X;Z). O

In fact, the assignment V/A — A is functorial. Suppose we are given a con-
tinuous map f : V/A — V’/A’ such that f(0) = 0. Then the fact that V is simply
connected and V' — V’/A’ is a covering map implies that f has a unique lift

| !

V/IA —— V//A
such that F(0) = 0 [20, Corollary 11.19]. Given A € A, the map

Gr: V=V v FVv+A)—FW)
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is continuous, and its image lies in A’. Since A’ is discrete, G, must be constant.
It follows that F(v + A) = F(v) + F(A) for all v € V, and in particular, that F|, is a
group homomorphism. Hence, the assignment

Fla

V—5V)— (A "

N) (2.2)

defines a functor, in the following sense:

Proposition 2.1.3. The assignment (2.2) defines a functor from the category whose objects
are g-dimensional complex tori and whose morphisms are continuous maps preserving the
base point 0, to the category of abelian groups. The isomorphism of Corollary 2.1.2 is a
natural equivalence between this functor and the homology functor H;(—; Z).

2.2 Definition of A niv/S4

Suppose X and S are complex manifolds. We say that a holomorphic map f :
X — S is a family of complex manifolds or a holomorphic family if it is proper, and
everywhere of maximal rank. By the preimage theorem, all the fibres X := f~'(s)
are a compact complex manifolds.

Consider a g x g complex matrix T with positive definite imaginary part. By
definition, such a matrix belongs to the Siegel upper half-space

S :={ T €Matg,y(C) |'t=1,ImT>0},

a complex manifold of dimension g(g + 1)/2. Let ey, ..., e4 be the columns of the
g x g identity matrix 14, and let 1y,..., T4 be the columns of T. We consider these
2g vectors as elements of R?9 via the R-linear isomorphism z +— (Rez,Im z), and

write them as a matrix
1y Ret
0 Imt/"

Since Im 7 is positive definite, we have

det (19 ReT) = det 1, - detImT > 0,

0 Im-t
so we see that the vectors ey,...,eq,T1,...,T4 are linearly independent over R.
Hence,
Ari=Span,(er,..., g, T1,...,Ty)

is a lattice in C9, and A, := C9/A. is a complex torus.
We now define Aniv/Sy, following [5]. Let Z* act on the product manifold
C9 x G in the following way:

(m) (z,T) == (z4+ ™y + Ny, T).

n;

Since this action is proper and free, the quotient space A,y = Z*9\C9 x S, is
a complex manifold [18, Theorem 2.2]. The projection 7 : Ay — &4 onto the

second factor is then a family of complex manifolds, whose fibre above T is A-.
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This family is trivial as a family of smooth manifolds. To see this, consider the
point ily € &,. If Tis any point in &4, then we can use the identification C9 = R
given by z — (Re z,Im z) to define an R-linear isomorphism

0, (o Ret _1'C9—>(39 (2.3)
T 0 Im~< ) ) ’

Since @, maps A, onto A;;, isomorphically, it lifts to a diffeomorphism A = Ay,
which we also denote by ®@.. We define

D : Auniv — Aﬂg X 69) (Z) T) = ((DT(Z)>T)°

Note that O is a diffeomorphism, and that it makes the diagram

umv —> Aﬂg X 6

l A (2.4)

commute. We say that @ is a smooth trivialisation of the family A iy/&4. In fact,
since the base & is contractible, the existence of a smooth trivialisation for A iy /Sy
is a particular case of Ehresmann’s lemma:

Theorem 2.2.1. Let f : X — S be a proper submersion between smooth manifolds. If S is
contractible, then for any point O € S, there exists a commutative diagram

X 25 X,%xS
lf b}
proj,

S

where @ is a diffeomorphism.

Proof. See [7, Lemma 10.2]. o

2.3 Cohomology varying in a family

In this section, we define a relative notion of cohomology for a holomorphic family
of complex manifolds, following the approach taken in [27] and [1]. Our aim is to
define a holomorphic vector bundle on the base S (or what is the same, a locally
free sheaf of Os-modules), in such a way that the fibre at a point s can be identified
with the singular cohomology space H*(X;; C).

Remark. When we say ‘relative’, we will always mean it in the sense of algebraic
geometry (which has to do with Grothendieck’s emphasis on studying proper-
ties of morphisms rather than objects), and not in the sense of algebraic topology
(which is about the singular (co)homology of a space relative to a subspace).
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We begin by recalling the notions of constant sheaf and local system. Fix a
finite-dimensional complex vector space V. If U is an open subset of S (or X), a
map g : U — Vissaid to be locally constant if it is continuous, when V is considered
to have the discrete topology. The constant sheaf V of stalk V has sections

V(U) := {locally constant maps U — V };

itis the sheaf on S associated to the presheaf U — V. A sheaf V on S is locally constant
if there is an open covering 4l of S such that for each U € 4, the restriction V|y is
isomorphic to a constant sheaf. We also say that V is a local system.

Now let C denote the constant sheaf of stalk C on X, and consider the higher
pushforward R*f,C. This is the sheaf on S associated to the presheaf

U= H(F (W), Clu).

Lemma 2.3.1. The stalk of R*f..C at a point s € S is isomorphic to H*(X; C).

Proof. Since the contractible neighbourhoods of s form a local basis for s, in com-
puting the stalk

(RE.C), = lim H*(f " (U), Clu)

uss

we may assume U is contractible. In this case, we have f~'(U) = X; x U as differ-
entiable manifolds by Ehresmann’s lemma, so

H(F7 (W), Clu) = HY (7 (W);C) = HY (X, x U; €).
But since U is contractible, X; x U is homotopy equivalent to U, so we have
H*(Xs x W;C) = H*(X,; C),
by the homotopy invariance of singular cohomology. O
Proposition 2.3.2. The sheaf R*f,C is a local system of vector spaces on S.

Proof. Let U C S be a contractible open set, and choose some base point 0 € L.
By Ehresmann’s lemma, the family is trivial over U, so that we have a commuting
diagram

—>Xo><U

l/

Since @ is a homeomorphism, we have

H* (7 (V);C) = HY(@ " (proj, ' (V)); C)
= H*(proj, ' (V); C),

so the sheaves R*f,C and R*proj,, C are isomorphic (here C denotes the constant
sheaves of stalk C on f~' (U) and X, x U respectively).

13



We claim that R*proj, C is isomorphic to a constant sheaf. Its stalk at every
point s € U is canonically isomorphic to H*(Xo; C), since U is contractible. How-
ever, we still have to show that its sections over an open set V C U can be identified
with the locally constant functions V — H*(X,; C).

By definition, elements of R*proj, C(V) are collections of germs

(gs)sev € H Hk(XO; C)

seV

that are compatible, in the sense that for every point s € V, there exists an open
neighbourhood V' C V of s and a section o € Hk(projz_] (V'), Cly-) such that o5, =
gs- for all s’ € V'. Note that we may assume V' is contractible, since S is locally
contractible. In this case, we have

H*(proj, ' (V), Clv+) = H*(Xo x V', Cly+)
= H*(X,; C).

It follows that the section (gs)scv must be constant on V’, and hence on the con-
nected components of V. O

The next two lemmas imply that R*f,C is a locally free C-module, where C is
the constant sheaf on the base S.

Lemma 2.3.3. Let S be a complex manifold. Then every sheaf V of finite-dimensional
complex vector spaces on S has the structure of a C-module.

Proof. Let f € C(U) and o € V(U) be sections over an open subset U of S. Since
f is locally constant, it is constant on the connected components U; of U, which
are open since S is locally connected. Let ¢; € C be the value of f on U;, and note
that cioly, € V(U;). We define f - 0 € V(U) to be the section obtained by gluing
together the c;oly,. O

Lemma 2.3.4. Let V be an n-dimensional complex vector space, and let V be the constant
sheaf on S of stalk V. Then V = C™™ as C-modules.

Proof. If vy,...,v, is a basis of V, then the constant functions x +— v; on S are a
basis of global sections for V. O

Corollary 2.3.5. Every local system V of complex vector spaces is a locally free sheaf of
C-modules.

Hence, we can make R*f,C into a locally free Os-module by extending scalars.

Lemma 2.3.6. If V is a locally free C-module on S, then Os ®@c V is a locally free Os-
module.

Proof. Given f € Os(U) and g ® v € Os(U) ®cwy V(U), set
f-(g®v):=fgev.

This makes U — Os(U) ®cw) V(U) into a presheaf of Os-modules. Hence, its
sheafification Os ®¢ V is a sheaf of Os-modules.

14



If U C S is an open set on which V is constant, then by Lemma 2.3.4, V|, = C®"
for some n > 1, so we have

(Os @c V)lu = Oy ®c VIu = Oy @c C" = O™,
which shows that Os @¢ V is locally free. O
Combining these facts, we make the following definition:

Definition 2.3.7. Let f : X — S be a family of complex manifolds. The kth relative
cohomology sheaf of f is the locally free Os-module

H*(X/S) := Os @¢ R*,C.
Remark. Note that the stalk of #*(X/S) ats € S is
Hk(X/S)S = OS,S Q¢ (ka*g)s = OS,S Xc Hk(XS;C))

while the fibre Os,/m; ®o, . H*(X/S); may be identified with H*(X,;C), since
Oss/ms = C. (Here m, is the maximal ideal of the local ring Os ;.)

Since our family of complex tori Ayniv/Sy is trivial in the smooth sense, the
sheaf R*(proj,).C is actually constant. Consequently, H*(Ayniy/S,) is free. For
k = 1, we have the following explicit basis.

Proposition 2.3.8. There exists a basis of global sections

OC],...OCQ,B1,...,BQ

of H' (Auniv/S) such that for all T € S 4, we have (o). = e; and (B;). = 7} in the fibre
(AT Kz C)*

Proof. First, we define sections for the family proj, : Ay, x &, — &,. Write
f; := ie;, and note that the Z-basis ey,...,eg f1,...,fy for the lattice Ay, also
forms a basis for the 2g-dimensional complex vector space A, ®z C (of course,
the map Ay, ®; C — C9 is not injective). Hence, the constant functions t — e,
T — f} define global sections of the sheaf R'proj, C, which is constant of stalk
H'(Aq1,;C) = (A, ®z C)*.

Next, recall that we have an isomorphism R'proj, C = R'm,C, which is given
on the level of the underlying presheaves by

®* : H' (proj;1 (V);C) —» H' (@ (proj;1 (V));C),

where @ is the diffeomorphism in Diagram (2.4). So we may define global sections
of R'7,C by setting

o5 = O (T ef), Pji=0(T ie).
These sections form a C-basis for R'm,C, so by extending scalars, we get an O -

basis for H'(Auniv/ S4), which we denote by the same symbols.
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It remains to check that the «; and 3 restrict to the right thing on the fibres.
Let T € &,. For every contractible neighbourhood V of T, we have a commuting
diagram

H'(Aq,;C) ——— H'(A4;C)

I [

H'(Ay, x V;C) —2— H'('(V);C),

where @ is the R-linear automorphism of C9 which fixes the ¢;’s and sends T; to
ie; (see Equation (2.3)), and the vertical maps may be interpreted as passing to
the stalks of the presheaves at T. So on the stalks, the isomorphism R'proj, C =
R'7t,C is given by @:. But under the natural equivalence of Proposition 2.1.3, @
corresponds to the map

(A, @2C)" = (A @2 C)", Y=o,
Because eJ?“ o, = e;‘ and f;‘ o®d, = T]%, we have
() =€ o Dr=¢}, (Bj)e="Fod:=1],

as required. O
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Chapter 3

de Rham cohomology

This chapter is about the de Rham cohomology of the family Aniv/&4. The fibre
A+ has a Hodge decomposition

Hir(A) =Cduy @ -+ ® Cduy ® Cdiy @ - - - ® C dilg, (3.1)

wherewy, ..., u4 are the standard coordinates on C9. Our main goal is to show that
this decomposition holds on the cohomology of the family, which we interpret
here as the de Rham cohomology sheaf ”H,AR(AumV /64). We will show that this
sheaf is free on certain sections which globalise the differential forms in (3.1).

In Section 3.1, we review differential forms on a complex manifold X. In Sec-
tion 3.2, we define the relative de Rham cohomology sheaf H5;(X/S). We then
show that HY(X/S) is computed by the smooth relative de Rham complex, and
use this fact to establish its basic properties. In Section 3.3, we prove the relative
Hodge decomposition for H}(X/S), assuming that the usual Hodge decompo-
sition holds on the fibres, and we use the Hodge-to-de Rham spectral sequence
to identify the holomorphic part of the decomposition #'° with f,Q} . Finally,
in Section 3.4, we give a short proof of the Hodge decomposition for a complex
torus, and deduce the Hodge decomposition for H )z (Auniv/S,)-

3.1 Differential forms

In this section, we review the concepts of differential forms and de Rham coho-
mology on a complex manifold X, following Chapter 2 of [27] and Sections 2.1 and
2.2 of [4].

Let X be a complex manifold, and let Txr denote the tangent bundle on X,
considered as a real manifold. Recall that the complexified tangent bundle Tx ¢ :=
Txr ® C can be written as a direct sum

Txc = Tx @ Ty,

where Ty is the holomorphic tangent bundle, and Ty, = Ty is its complex conjugate
[27, Proposition 2.13]. Hence, the complexified cotangent bundle, which is the
dual bundle of Tx ¢, decomposes as

TXC =TV @ (Ty)".
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These bundles are trivial over any holomorphic chart (U, (zi,...,z,)): local frames
for the tangent subbundles Tx and Ty are given by the vector fields 0/0z; and 0/0z;,
while their duals Ty and (Ty)" are trivialised by the dual frames dz; and dz;.

If we take exterior powers of the cotangent bundle, we see that it decomposes

as
ATe= @ N T N 62)

p+q=k

We denote the sheaf of smooth sections of Ty by A — it is the sheaf of smooth
k-forms on X. The decomposition (3.2) induces a decomposition of A¥:

A= @ A, (3.3)

p+q=k

where AP is the sheaf of smooth sections of A\’ Ty @c A4(Ty)". We say that a
section w of AP has type (p, q); in local coordinates z1,...,z,, we can write w as
a linear combination of basic (p, q)-forms

dZI/\dil = dZﬁ/\"'/\dZip/\dij]/\"'/\dijq,

where the coefficients are smooth complex-valued functions. We refer to (3.3) as
the type decomposition.

We now recall the definition of de Rham cohomology. The de Rham complex is
the complex of sheaves

~

\ o8 d \ 1 d \ 2
0 — e 44 4,

)
where Cg° is the sheaf of smooth complex-valued functions on X, and the exterior
derivative d is given locally by

d(f dZI AN di}) =df A\ dZ[ AN di].

Taking global sections, we get a complex of C-vector spaces
0 —— C°(X) —45 ATX) —45 AZ(X) —— ---

whose cohomology in degree k is by definition the kth de Rham cohomology group
of X, denoted by HX; (X).

The type decomposition can sometimes pass to the cohomology of X. Let
HP9(X) be the subspace of Hgf{q(X;(C) consisting of classes representable by a
closed (p, q)-form.

Definition 3.1.1. We say that the de Rham cohomology of X carries a Hodge de-
composition if for all k > 0, we have

HE(C) = P HMI(X).
p+q=k

Remark. The main theorem of Hodge theory states that the de Rham cohomology
of X has a Hodge decomposition if X is compact and admits a Kdhler metric; see
e.g. [7, Theorem 8.5].
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Next, we show how the type decomposition induces a decomposition of the
exterior derivative d. Suppose u is a section of A9 over some open set U C X. If
we write u in local coordinates z;,...,z, asu = ) u;;dz; /A dzj, then duis a sum
of terms of the form

aul, _ au[, _ _
> #dzi NdzgAdzy+ Y azil dz; A dz; A dz;.

1<i<n 1<i<n

It follows that du € AP (U) & AP (U), since the notion of type is a coordinate-
invariant. Letting 0u and du denote the components of du of type (p + 1, q) and
(p, q + 1) defines sheaf maps

9 APY — APTha, 0 API — AP+
such that d = 3 + 9. Note that d*> = (d + 3)? = 0 implies the relations
=0, 0°=0, 00+400=0.

In the language of homological algebra, these relations say exactly that the dia-
gram

d 0 d

0 0
A())(J , A1,1 N AZJ N
0 0 0

d d
A y ALO y A N

is a bicomplex, for which the de Rham complex A is the associated total complex.
We denote by
QF = ker (5 LA — A];(’])
the sheaf of holomorphic p-forms on X, and we define the holomorphic de Rham com-
plex Qy to be the complex

2 2
0 > Ox > Q) > Q% SRR

where the differential 0 is the restriction of the differential of A;(’o to Q.

3.2 de Rham cohomology in a family

Now suppose f : X — S is a family of complex manifolds. Let X, = f'(s) be
the fibre of f over some point s € S. Since the inclusion t : X, — X is a smooth
embedding, the tangent map Tt identifies the tangent bundle Tx r of X, with a
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subbundle of Tx . We have Tf o Tt = 0 since f o t is constant, so there is a complex
of vector bundles on X;:

Tflx .
0 —— Tx,r —— (Txr) Ix, — (fFTsr) Ix, —— O, (3.5)

which turns out to be exact, as one sees by applying the dimension formula for
linear maps on the fibres [19, Proposition 5.38]. We define the relative (or vertical)
tangent bundle Tx,s g by the short exact sequence

0 —— TX/S,]R > TX,IR Ll > f*TS’R — O,'

by (3.5), we have (Tx/sr)Ix, = Tx,z- The complexified relative tangent bundle is
denoted Tx/sc = Tx/sg ® C. It follows from the fact that f is holomorphic that
f*Tsc = f*Ts @ f*T¢, and that Tf ® C is the direct sum of the maps

(THY: Tx = f*Ts and (TF)®': Ty — F*T¢
(see [27, Subsection 2.2.1]), so we have a decomposition

Tx/s,c = Txss @ Tx/sy

where Tx/s := Tx/f*Ts and T>2/S = Ty/fTs.
The complexified relative cotangent bundle is the dual bundle

T)Y/s,c = T)Y/s D (Ti/s)v-
Sections of its kth exterior power are called relative k-forms; they form a locally free
Cg°-module which we will denote by A . As in the previous section, we have a
decomposition of A  into types:
A];(/S - @ A;)(’/qs.
p+q=k

The next lemma will allow us to define a relative version of the de Rham com-

plex.

Lemma 3.2.1. We have Af ¢ = AY/f*AS, where f*A§ = C3° @p1c f1AS is the
pullback sheaf.

Proof. We have a short exact sequence of vector bundles on X:
0o —— f*(/\k Tde) — A Te — /\kTXV/S’(C — 0.

Since the category of complex vector bundles on X is equivalent to the category
of finite locally free C3°-modules [28, Proposition 8.45], taking sheaves of sections
gives a short exact sequence in the latter category. But the sheaf of sections of a
pullback bundle is the pullback of its sheaf of sections (see [28, Problem 1.18]), so
this sequence is

0 —— f* Ak > A > A s — 0.
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Note also that the pullback of the differential f*ds defines a subcomplex f*.A¢
of A;.

Definition 3.2.2. We define the relative de Rham complex to be the quotient complex
Ay s = A/ As.

Note that (A ¢)Ix, = AX,. Hence we can recover Ay from A} /s by restricting
to the fibre X;. As in the previous section, the exterior derivative decomposes as
dx/s = Ox/s + 0x/s, and Ay /s 1s the totalisation of the bicomplex

5 5| 5 (3.6)

Definition 3.2.3. The relative holomorphic de Rham complex is defined by
O = ker (31 Ay — A ) -

Note that QO ;sisa complex of Ox-modules, but that its differential 9x/s is not
Ox-linear, only f~' Os-linear.

Definition 3.2.4. The kth relative de Rham cohomology sheaf is defined by
Hir(X/S) = R*F, (Qy 5),
where R*f, is the kth right derived functor of the pushforward functor f,.

To actually compute HXz(X/S), we will use the complex of smooth relative
forms A; . Recall that a module over a sheaf of rings R on X is called fine if for
every open cover of X, there exists a partition of unity with respect to R that is
subordinate to this cover [27, Definition 4.35], and that fine sheaves are acyclic.
Since C3° has this property, Cg°-modules such as A ¢ and A} are acyclic. The

following lemma is one consequence.

Lemma 3.2.5. The presheaf U — ker d¥ /s (U)/im dl;(?; (U) on X is already a sheaf.

Proof. Apply I'(U, —) to the short exact sequence

k
ker dX/S ‘
: Kk—1
1de/S u

1 k k \ \
0 —— 1de/S|u — kerdx/s‘u > > 0,

and note that the resulting sequence is still exact, since the sheaf im df | is fine.
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The next result is an extension of the classical Dolbeault resolution to the rel-
ative situation.

Lemma 3.2.6. The inclusion Qs — Ay s is a quasi-isomorphism.

Proof. Because the de Rham complex Aj ¢ is the totalisation of the bicomplex Ay ¢,
is suffices to show that the columns of Diagram (3.6) are exact, so that for each
p > 0, the complex (A}, d) is an acyclic resolution of QF ¢ via the inclusion
Qf s — .A;’(’/os [27, Lemma 8.5]. Since we already know that the sheaves Aﬁ’/qs are
acyclic, it suffices to check that AY; is exact in positive degrees.

Let g > 0. We have to show that the complex of sheaves

pvq_] 0 P9 0 pvq""]
AX/S ’ AX/S ’ 'AX/S (3.7)

is exact. Restricting to the fibre X, we obtain a sequence

—1 d 0 1
AR = ARS Sy AR (3.8)
S S S

which we already know to be exact, since it is part of the usual Dolbeault reso-
lution of Qf [27, Proposition 2.31]. To deduce the exactness of (3.7) from that of
(3.8), we will make use of the following fact: since X is a locally compact space,
for any compact subset K C X and any abelian sheaf 7 on X, we have

MK, Flx) =T (K, 'F) = lim (W), (3.9)

uoK

where 1 : K — X is the inclusion, and the colimit is taken over open sets U con-
taining K [16, Theorem 2.2]. (In general, the association

W s lim F(U),
usw

for W an open subset of K, only defines a presheaf on K, for which "' F is the
associated sheaf.)
We will show exactness of (3.7) on the stalks. Let x € X C X, and let

wy € ker (éx/s)x - (AEJ(’/qs%

be the germ at x of a section w of A, defined in some open subset of X. Note
that if we restrict w to X;, we obtain a section wlx, of .Afgsq such that
(w|Xs)x € ker (aXS)x c (A;;q)x

By exactness of (3.8) at x, there exists an open subset W C X, and a section « of
A}"(’Sq*] over W, such that w|y = 0x,x. Let K be a compact subset of W such that
x € K. Now

g €T (K> A?(Lq_] }K> =T (K’A];(’/qs_] ‘K> ’
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so by (3.9), there exists an open subset U of X containing K, and a section 3 of
Af(’/qs_1 over U, such that B|x = ofx. We have

6X/sf3|l< = 6XS(B’K) = 6XS(OC|K) = wlk.

By dgfinition of the colimit, there must be some open set V with K C V C U, such
that 0x/spBlv = wly. Hence, wy = (0x/sP ), as required. O

Theorem 3.2.7. The kth relative de Rham cohomology sheaf is the pushforward of the kth
cohomology sheaf of the complex Ay :

ker d¥
HER(X/S) = 1. < “) .

. k1
im dy /s

Proof. Note that the sheaves A ¢ are acyclic for the functor f., since they are
acyclic for the global sections functor, and for any abelian sheaf F on X, R'f, (F)
is the sheaf on S associated to the presheaf V — H!(f~'(V), Fl;-1y)) [14, Proposi-
tion 8.1]. Hence, to compute 1§ (X/S), we apply f, to A} ; and take cohomology.
Since f, preserves the exactness of the sequence

dk
0 — kerdf,s —— Afs 2, im df 3 — 0,

we have

ker (f.dX ker d¥

im (f.dy4)  \imdy,
[
We can use this to verify that HY (X/S) restricts to the right thing on the fibres.

Corollary 3.2.8. The stalk of H5z(X/S) at a point s € S can be identified canonically
with Os s @ H5: (Xs).

Proof. Consider the Cartesian square

X, —— X

Lok

{s} —— S.

If F is an abelian sheaf on X, then the pullback of f,F along the inclusion {s} — S
is the stalk F, by definition. On the other hand, if we push v~ F forward onto {s},
we get I'(X, . ' F). We claim F; = I'(X;, v F). Since f is closed, we have
Fo =lim F(+1(V)) = lim F(U)
V3s DX,

(see the proof of Theorem 6.2 in [16]). But X; is compact, so this is equal to
I'Xs, L' F) by (3.9).

If we apply this to the abelian sheaf ker df s/ im dl;&s] , we see that Hy (X/S)s =
HER (X;) as abelian groups. Hence, we have H5; (X/S)s = Oss @ HiR(X,) as Os s-
modules. u
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Finally, the following comparison theorem shows HX; (X/S) is isomorphic to
the cohomology sheaf H*(X/S) defined in the previous chapter.

Theorem 3.2.9. We have an isomorphism
HER(X/S) = H*(X/S) := Os ®@¢ R¥,C,
which restricts the ordinary de Rham isomorphism on the fibres.

Proof. This follows from the fact that Q; sisa resolution for f~'(Os). For details,
see [1, Section 1.3]. O

3.3 The Hodge decomposition for HAR(X/ S)

In this section, we prove a relative version of the Hodge decomposition for H}z (X/S),
assuming that the Hodge decomposition holds on the fibres. For example, this is
the case if X/S is a family of compact Kédhler manifolds.

The Hodge filtration is the filtration on the de Rham complex given by

FpA];(/s = EB AR

r>p

It induces a filtration on cohomology:
FPHGR(X/S) = R, (FpAi/s = A§</s> '

From Theorem 3.2.7 and Lemma 3.2.5, we see that sections of FPHY (X/S) are pre-

cisely those cohomology classes which are representable by elements of P, .., ArT,

Proposition 3.3.1. Suppose f : X — S is a holomorphic family such that the Hodge
decomposition Hlz (Xs) = H'(X,) & H'(X,) exists for all s € S. Then Hlx(X/S) has
a decomposition

Har(X/S) =H" @& HO,

where H" and H®' are locally free C3°-submodules whose fibres at s can be identified with
H"(X,) and H®'(X,) respectively.

Proof. Define H'® := F'H1 (X/S) and H®' := H10. These are the subsheaves of
H!x (X/S) consisting of cohomology classes representable by forms of type (1,0)
and type (0, 1) respectively. Since restricting a form to smaller open subsets pre-
serves its type, we have #® = €& ® H'O(X,) and H)' = €&, ® H®'(X;) for all
seS.

To see that we have a direct sum, suppose U C S is open. It follows immedi-
ately from the type decomposition that H!(X/S)(U) = H"(U) + HO'(U). Let
w € HYOMU) N H(U). We then have w, € H'O(X,) N H%'(X,) = {0} for all
s € U, since the Hodge decomposition holds for the fibre X;. Hence, w = 0,
and Hi (X/S)(U) = HMO(U) @ HOT(U). O
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We will describe this decomposition in another way, using the Hodge-to-de
Rham spectral sequence. We begin by recalling the spectral sequence associated
to a bicomplex (E™", d_,, d;) of abelian sheaves, following [26, Part I, Section 1.7].
A similar definition applies to a bicomplex of abelian groups (or in any abelian
category). For each r > 0, we have a collection or page of abelian sheaves E, =
{EP9}, where p, q € Z, together with a sheaf map d, : EP9 — EPT9 7 satisfying
d? = 0. On page Ey, we have EJY = EP9 and dy = d;. The first page E; is then
calculated from E, by taking cohomology: we have

ker (d; : EP9 — EPdtT)

Ep\q —
! im (dT - Epa-1 Ep,q) )

and d; is induced from d_, (this makes sense, because all the squares anticom-
mute). This process can be continued. Eventually, it can happen that for r large
enough, the differential d, = 0. We then have

E'r:E'r—i-]:Er—i-Z:"')

and we say the spectral sequence degenerates at E,. The point is that the limiting
objects ER := EP9 partially compute the cohomology of the total complex E* :=
Tot(E"") associated to our bicomplex E". That is, if we equip E* with the grading
FPE* == @i5,E"P 7, and consider the induced grading FPH*(E") on cohomology,
then the graded pieces of the cohomology are given by

b FPHP+q(E')
~ = (e )"

Definition 3.3.2. If X is a complex manifold, then its Hodge-to-de Rham spectral
sequence is the spectral sequence associated to the bicomplex of abelian groups
I'(X,.Ay") obtained by applying the global sections functor to (3.4).

Note that if X is compact and has a Hodge decomposition, then its Hodge-to-de
Rham spectral sequence degenerates on the first page; see the argument preceding
the statement of Theorem 9.10 in [7].

Definition 3.3.3. If f : X — S is a family of complex manifolds, then the Hodge-to-
de Rham spectral sequence for this family is the spectral sequence associated to the
bicomplex f. Ay s (i.e. the pushforward of (3.6) onto S).

Theorem 3.3.4. Let f : X — S be a holomorphic family, such that the Hodge decompo-
sition holds on the fibres. Then the Hodge-to-de Rham spectral sequence for f degenerates
at the first page E;.

Proof. Our assumption implies that for all s € S, the Hodge-to-de Rham spectral
sequence for X, degenerates on the first page. Now if we pass to the fibres at s
in the Hodge-to-de Rham spectral sequence for f, we get the Hodge-to-de Rham
spectral sequence for X; (c.f. [1, Theorem 1.2, (iv)]), so the maps 9 in E; satisfy
0; = O for all s € S. Since being 0 is a stalk-local property for a morphism, this
implies 0 = 0, as required. O
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Remark. For a proof in the algebraic category, see [6, Theorem 5.5].
Note that the qth row of the first page E; looks like

R, (Ox) —— R, (Q)5) —— RIF(Q}5) — -+,

since AYs is an acyclic resolution of Qf . So if the Hodge-to-de Rham spectral
sequence for f degenerates at E;, it makes the identification

FPHAR (X
RF,(QF ) = i (X/5)
FPH124059(X/S)

Taking p + q = 1, we get a short exact sequence
0 — f.0) s — Hy(X/S) —— R'f.Os —— 0, (3.10)

which we refer to as the Hodge exact sequence.

Theorem 3.3.5. Suppose f : X — S is a family of complex manifolds, such that for all
s € S, the Hodge decomposition holds for Hl (X,). Then the Hodge exact sequence (3.10)
can be identified with the split exact sequence

0 > H1O y HAn(X/S) —— HY —— 0,

of Proposition 3.3.1. In particular, we have identifications f*Q;(/S = H'" and R'f,O5 =
7_[0,1.

3.4 Complex tori revisited

In this section, we will give a short proof of the Hodge decomposition for a com-
plex torus, following [2, Proposition 1.3.5]. We then deduce some consequences
fOI' HllR(Auniv/Gg)-

We begin with differential forms. Suppose X = V/A is a complex torus, with
projection q : V — X. Since q is a surjective submersion, the pullback map q* :
A¥(X) — A¥(V) is injective, and we can use it to identify A*(X) with a subspace of
A¥(V). Note that if w € A¥(X), then for all A € A, w is invariant under pullback
by the translation t : v — v + A since it is well-defined on X. In fact, this property
characterises A*(X) as a subspace of A*(V) [25, Proposition 21.8]:

A¥(X) ={ w e A¥(V)

tiw =w forallA € A }.

If w € A*(X) satisfies t;w = w for all a € V, then we say that w is translation
invariant. The translation invariant k-forms on X (or V) form a complex vector
space, which we denote by IF(X). Note that if uy, ..., 14 are complex coordinates
on V, then the 1-forms du; and dii; belong to IF' (X). In fact, they form a basis, so
we have a decomposition

IF'(X)=Cdw @...¢Cdu, ©Cdi,; @ ... o C dil,. (3.11)
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Now consider the de Rham isomorphism H}z (X) — H'(X;C). If we identify
the singular cohomology group H'(X;C) with the dual space H;(X;C)*, the iso-
morphism is given explicitly by

wr—>([c]r—>Jw),

where ¢ : [0,1] — X is a smooth representative of the homology class [c] (see
Equation (18.14) of [19]). Using Corollary 2.1.2, we can view this as a map

t: Hiz (X) = Home (A ®z C, C), L) : A= J w,

YA

where vy, : [0, 1] — Xis the loop y(s) = sA.

Proposition 3.4.1. The cohomology of a complex torus X = V/A carries a Hodge decom-
position.

Proof. Choose abasis Ay,...,Ayq of A, and let x;,...,x;4 be the corresponding real
coordinate functions on V. Then dx;, ..., dx,, are translation invariant 1-forms
on X, and they form a basis for IF' (X) over C. On the other hand, since we have
Ldxi)(Ay) = ij dx; = & by definition, the cohomology classes t(dx; ), ..., t(dxy,)
form a basis of H'(X; C), dual to the basis Ay, ..., Ay, of A @z C. We conclude that
the canonical map IF'(X) — H!z (X) must be an isomorphism.

If we now choose complex coordinates uy, ..., 1, on V, then the decomposition
(3.11) induces the Hodge decomposition of H;(X) on passing to cohomology.

The case k > 1 follows from the fact that the cup product induces an isomor-
phism H*(X;C) = /\k H'(X;C) (see [2, Corollary 1.3.4]). O

Remark. Note that even though we called it the ‘'Hodge decomposition’, what we
have proved in Proposition 3.4.1 is something weaker than what is implied by the
full strength of Hodge theory, which involves the concepts of harmonic forms and
Dolbeault cohomology.

We use this to compute the de Rham cohomology sheaf ”HJiR(AumV /8y).

Proposition 3.4.2. The relative Hodge decomposition holds for H g (Auniv/Sg). In fact,
there exists a basis of global sections

du1,...,dug,dﬁ1,...,dﬁg (312)

for Hig (Auniv/Sg), such that duy, . . ., dug is a basis for H'"® and diis, . . ., diiy is a basis
for HOV. On the fibres, (3.12) restricts to the canonical basis (3.1) of Hig (A+).

Proof. The existence of the decomposition follows from Propositions 3.3.1 and
3.4.1. Note thatby Lemma 3.2.5, elements of I'(&, HAR (Auniv/S4)) are represented
by actual global sections of the relative cotangent bundle TXumv /64,C" Hence, it is
obvious that the sections du; and dii; exist, and that they have the stated proper-
ties. OJ
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Finally, we compute the image of (3.12) under the relative de Rham isomor-
phism of Theorem 3.2.9, in terms of the basis «y, ..., &g, B1,..., B4 of Proposition
2.3.8. The identities (3.13) are Equations (4.2.2.1) and (4.2.2.2) of [13].

Lemma 3.4.3. Suppose X = C9 /A is a complex torus, and we are given a basis Ay, . . .y Ayg
of A. Then

du) = Y AT, di) = Y AT,

1<j<2g 1<j<2g

where A;; is the ith component of Aj = (Aj1, ..., Ajq).
Proof. Note that

1 1
J dui = J d(t)\ji) = AjiJ dt = 7\]'1,
Aj 0 0

and similarly that [, di; = Aji. O
)
From now on, we will drop t from the notation.

Proposition 3.4.4. The relative de Rham isomorphism makes the identifications
du; = o + Z zi; 35, du; = o + Z Zii By, (3.13)
1<j<g 1<j<g
where zi; = zj; are the standard coordinates on &,.

Proof. 1t suffices to check (3.13) on the stalks. Let T € &4. Applying Lemma 3.4.3
with respect to the basis ey, ... eg, T1, ... T4 of A, we see that
(dui)e =€ + 2145y TiT
=ei+2 15y WY
= (o) + Z]Sjgg(zi)’)r(ﬁj)r
= (‘Xi + Z1Sj§9 Zi)'Bj)T-

Hence, dw; = o + 31,2y Bj. The second identity is proved similarly. O
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Chapter 4

Abelian varieties and modular forms

The previous two chapters have been about the cohomology of families of complex
manifolds, especially the family of complex tori Aniy/&4. We are now in a posi-
tion to develop in detail the g-dimensional generalisation of the geometric picture
we sketched in Section 1.1. In particular, we can give a geometric interpretation
of Siegel modular forms.

Central to the discussion in Section 1.1 was the action of the modular group
SL,(Z) on the upper half plane §). After defining modular forms as functions that
transform in a special way under this action, we mentioned that the quotient set
SL,(Z)\$) classifies the isomorphism classes of elliptic curves. We then considered
the modular curves Y(N) := I'(N)\$), which are fine moduli spaces for elliptic
curves with level N-structure. By examining the action of SL,(Z) which gives
rise to the universal family Eynivn/Y(N) as a quotient of Eyniy/$, we obtained an
interpretation of the modularity condition (1.1). As a result, we could identify
modular forms with tensor powers of de Rham cohomology classes, and hence
differentiate them using the Gauss-Manin connection.

The g-dimensional analogue of an elliptic curve is an abelian variety, and Siegel
modular forms are related to abelian varieties in the same way that elliptic mod-
ular forms are related to elliptic curves. The symplectic group Sp, (Z) acts on
the Siegel upper half space &4 in a way that generalises the action of SL,(Z) on
9, and the quotient Sp, (Z)\&, classifies the isomorphism classes of principally-
polarized abelian varieties. There are Siegel modular varieties Sy n = I;(N)\ &,
which are fine moduli spaces for principally-polarized abelian varieties with level
N-structure. Our main concern in this chapter is with the de Rham cohomology of
the universal families A niy,n OVer these moduli spaces. We will show that the uni-
versal family Aniv,n/Sg N arises as a quotient of Aniv/Sg4 by an action of the prin-
cipal congruence subgroup I';(N), and that this action induces an action on the rel-
ative cotangent bundle T o suchthatTy o  =Ty(N\T; o . It follows

g univ,N/Sg N univ/Sg

that a Siegel modular form of weight k is a global section of the sheaf w$*, where
wn = A’ TEN*QJ\MV NN is the determinant of the Hodge sheaf ﬂN*Q}\mV N

In Section 4.1, we define abelian varieties as complex tori admitting a pofar—
ization, and we show that A ni,/8 is a family of abelian varieties. In Section 4.2,
we discuss the action of the symplectic group Sp, (R) on &4. We show that two

fibres A, A of the family A,y /&4 are isomorphic as polarized abelian varieties

29



if and only if their base points T, T’ belong to the same Sp, (Z)-orbit, and we give
an explicit formula for these isomorphisms. We also define the principal congru-
ence subgroups I';(N), and show that the quotients &g := I'y(N)\ &, are complex
manifolds. In Section 4.3, we construct the family Aniv,n/Sgn, and we show that
Auniv,N €an be interpreted as a quotient I'y(N)\Aniy for an appropriate action of
I4(N) on Ayniv- In Section 4.4, we describe the induced I';(N)-action on TXMiv /6q7
prove that T

v /G = 19 (N )\TXuniV /s, and finish by discussing Siegel modular
forms.

4.1 Complex abelian varieties and polarizations

We review some very classical material about complex abelian varieties, following
the exposition in Birkenhake and Lange’s textbook [2].

Let X = V/A be a complex torus. Recall that the group Pic(X) of invertible line
bundles on X can be identified with the sheaf cohomology group H' (X, O%). Now
the sheaf of holomorphic functions Ox sits in a short exact sequence

exp(2mi-

02— oo 1,

called the exponential exact sequence. Part of the corresponding long exact sequence
on cohomology is

H'(X,0x) —— H'(X,0%) —— HY(X,Z);

the map we have labelled c; is the connecting homomorphism. By the Kiinneth
formula and Corollary 2.1.2, we have

H(X,2) = \ H'(X;2) = )\ Homg(A, 2),

so the map c¢; associates to a holomorphic line bundle L € H'(X, O%) an integer-
valued alternating form E = c¢;(L) on A, called its first Chern class. If E is extended
to a real alternating form on V, then with some work (see [2, Proposition 2.1.6]),
one can show that it has the property E(iu,iv) = E(u,v) for all u,v € V. It follows
that E is the imaginary part of a form H: V x V — C, defined by

H(u,v) := E(iu,v) +iE(u,v)

forallu,v € V. Infact, it can be easily checked that H is a Hermitian form; recall that
this means that H is C-linear in its first slot and satisfies H(u,v) = H(v,u) for all
u,v € V. Conversely, if we start with a Hermitian form H on V, then its imaginary
part E = ImH is a real alternating form on V satisfying E(iu,iv) = E(u,v) for
all u,v € V. If the restriction of E to the lattice A is integer valued, then (with
some more work; see [2, Proposition 2.1.6] again) one can show that there is a line
bundle on X for which Ex, is the first Chern class. With this correspondence in
mind, we make the following definition:
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Definition 4.1.1. Suppose X = V/A is a complex torus, and H is a Hermitian form
on V. We say that H is a Riemann form on X if its imaginary part E = Im H takes
integral values on A x A.

The set of Riemann forms on X form a group under addition, known as the
Néron-Severi group NS(X). By the theory we have sketched above, we may identify
NS(X) with the image of the map c;.

Definition 4.1.2. If a Riemann form H € NS(X) is positive definitive, then it is
called a polarization on X.

If H is a polarization on X, then its imaginary part E = E|A can be put into a
certain canonical form. Namely, there exists a basis Aq, ..., Ag, 1, ..., 1y of A with
respect to which E is given by the matrix

(o)

with D = diag(d;,...d4) a diagonal matrix whose entries are strictly positive and
satisfy d; | di; forall 1 <1i < g —1[15, Chapter 1II, Section 4, Lemma 5]. We say
that the basis Ay, ..., Ag, W1, ..., g is symplectic, and we refer to the list (d;,...dg)
as the type of the polarization H. If H has type (1,...,1), then we say that H is a
principal polarization, and that X is principally-polarized.

If L € Pic(X) is a line bundle whose first Chern class is a polarization, then
we say that L is positive definite. One might ask what this entails for L. In fact it
is a theorem of Lefschetz that L is positive definite if and only if for all integers
n > 3, the tensor power L®" is very ample; roughly speaking, this means that L has
enough global sections to set up an embedding of X into projective space. ! In
this case, it follows from Chow’s theorem that X has the structure of a projective
algebraic variety.

Theorem 4.1.3. The following conditions on a complex torus X are equivalent:
1. X'is the complex manifold associated to an algebraic variety;
2. X admits a polarization.
Proof. See [23, Chapter I, Section 3] or [2, Theorem 4.5.4]. ]

Definition 4.1.4. A complex torus that admits a polarization is called a complex
abelian variety.

If X is an abelian variety and H is a polarization on X, then we refer to the pair
(X, H) as a polarized abelian variety. A homomorphism of polarized abelian varieties
f: (,H') — (X,H) is a homomorphism of complex tori f : Y — X such that
H’ = f*H.

Proposition 4.1.5. The family Auniv/Sq is a family of principally-polarized abelian va-
rieties.

A line bundle L is called ample if some tensor power of it is very ample. For line bundles on
complex tori, ample = positive definite.
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Proof. Let T € &, and consider the lattice A; in C9. We can define a Hermitian
form H. on C9 by setting
H(z, W) == ‘zy~'w,

where y is the imaginary part of T. Sincey > 0, H is positive definite. To compute
E = Im H, with respect to the basis 11, ..., T4, e1,. .., eq of A, note that H.(e;, ¢;) is

the 1, j-entry of the matrix B
t19y_]19 = IJ_]>

while H.(Ti, ¢;) is the i, j-entry of
fty My =1y ' =xy ' +1l,,
and H.(Ti, ;) is the i, j-entry of
iy T = (x +iy)y T (x — )
=xy " +xy~ (—iy) + iy x + iy (—iy)
=xy 'x +y.
Taking imaginary parts, we find E(7;, €j) = 83 and E(e;, ej) = E(Ty, T5) = 0, so that

the matrix of E is
0 1y
—1g 0)°

Therefore, H, is a principal polarization, and the complex torus A, = C9/A; is
a principally-polarized abelian variety. Note that the basis 11,...,Tg,€1,...,€4is
symplectic with respect to H.. O

4.2 The action of szg(R) on G,

Recall that in Section 2.2, we showed A niy/&4 was smoothly trivial: we had a
diffeomorphism A = A, for all T,7" € &,. Of course, since diffeomorphisms
need not preserve complex structures, the polarized abelian varieties (A, H.)
and (A, H;) will not be isomorphic in general. However, suppose we do have an
isomorphism

f: (AT/, HT/) = (AT, HT).

By the discussion preceding Proposition 2.1.3 and Liouville’s theorem from com-
plex analysis, f lifts to a vector space automorphism F of C9 that restricts to an
isomorphism of lattices A = A.. Let

t t
t a ‘c
Y = (tb td) € GLZQ(Z)
be the matrix representation of this isomorphism with respect to the canonical

symplectic bases of A/ and A, (the reason for taking the transpose will become
clear shortly). If we identify F with its standard matrix representation, we have

F(t' 1g) = (T Tg)'v,
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or equivalently,
Ft!=t'a+b="(at+b) and F=rv'c+'d="(ct+4d).
Since F is invertible and t’ is symmetric, we get

v =% ct+d) " (at+D)
= (at+b)(ct+d)".

Taking imaginary parts of f*"H. = H./, we find that y belongs to the real symplectic

group
Spg(R) = { v € GLay(®) | v (5, ¥ )y = (1, %) }-

Letting Sp, (R) act on &4 via

v1:=(at+b)(ct+d)",

we have shown one direction of the following lemma (the other direction is proved
by reversing the above reasoning).

Lemma 4.2.1. Every isomorphism between fibres of the family of principally-polarized

abelian varieties Ayniv/ S is given by a diagram of the form

Ar — R29 9

lty*‘ ltVT lt(c*wd)1 ’ (4.1)

)
Ay —— R?9 2 C9

wherey = (49) € szg(Z), T and t' are related by ' =y, and j- is the change of basis
x = (T Tg)x

Conversely, if y = (¢ §) € Sp,,(Z) is given, then (et + d)~" determines an isomor-
phism of polarized abelian varieties A = Ay..

We will now work out the basic properties of the action of Sp, (R) on &,. It is
not immediately obvious that the definition even makes sense; for example, one
has to check that ct + d is invertible and that yt € &,. These facts follow from a
couple of short calculations (see for instance [11, Section 2]).

Lemma 4.2.2. The action of Sp, (R) on & is transitive and proper.

Proof. This proof follows the outline in [8, Exercise 2.1.3]. Given a point T = x +
iy € &y, we define amap s : &5 — Sp,, (R) by setting

b oxyd
S(T) = (yo ;J; > € szg(R))
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where y? is the matrix obtained from y by taking square roots of its eigenvalues.
Since s(t) - il = T, the action of szg(R) on &, is transitive. From the orbit-
stabilizer theorem, we get a Sp, (R)-equivariant bijection Sp, (R)/K = &4, where
K is the stabilizer of i14. One computes that

K:{ (_C‘b 2) € Spy, (R) }

Since K is canonically isomorphic to the unitary group U(g) via ( % %) — a+ib,
it is, in particular, a compact subgroup of Sp, (R).

To prove that the action of Sp, (R) on &, is proper, it suffices to show that if
L € G, is a compact subset, then the set of y € Sp, (R) such that yLNL # &
is compact. But for any two points e;, e, € &4, we have ye; = e, if and only if
v € s(ez)Ks(e;)~". It follows that

{vespy®) [yLNL £ 2 | =sLKs(L),
and since s is continuous, this is a compact set. [

Remark. The existence of the map s in this proof implies Sp, (R) — &, is trivial
as a principal K-bundle.

Definition 4.2.3. If N is a positive integer, the group

Iy(N) = {y €5py,(Z) |y =13 (mod N) }
is called a principal congruence subgroup of Sp, (Z).

Proposition 4.2.4. If N > 3, the quotient set Sy N = I{(N)\S4 a complex manifold in
a canonical way.

Proof. Since I'y(N) is a discrete group, Lemma 4.2.2 implies that its action on & is
properly discontinuous. Moreover, by a lemma of Serre [24], I';(N) acts freely on
S, for all N > 3. Now apply [18, Theorem 2.2]. O

4.3 Universal families of abelian varieties

In this section, we construct a universal family over the Siegel modular variety
Sg,n, following the outline in [5]. As with our family of complex tori over &g, this
family is defined as a quotient of C9 x &, by the action of an appropriate group.

Lemma 4.3.1. The symplectic group Sp, (Z) acts on C9 x &4 via

Y(z,7) == (‘(ct+ d) 'z, y7)
forally =(9%) € szg(Z) and (z,7) € C9 x &,.

Proof. This follows from the commutativity of Diagram (4.1), and the fact that
Y(y8) ' =ty 't forally,d € Sp,,(Z). O
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We now have two group actions on C9 x &,: the one of Sp, (Z) which we

have just defined, and the one of 79 which we used to define the family Auniv/Sy.
Although these actions don’t commute, we can put them together to get an action
of a semidirect product on C9 x &:

Lemma 4.3.2. Let Sp, (Z) Z*9 be the semidirect product of Sp, ,(Z) and 729 with
multiplication
(v, m) * (§,n) = (y§, 'dm +n).

Then Sp,,(Z) x Z?9 acts on C9 x &, by

(vym) - (5,0 = (‘(ev+ &) (2 + jem), y7).

Proof. The identity element of szg(Z) X Z* is (1,4,0), and it is clear that it acts
trivially. It remains to show that

((vym) *(8,n)) - (z,7) = (v, m]) - ((8,n) - (2, 7))

for all (v, m),(8,n) € Sp,,(Z) x 7% and (z,7) € CI x &4 Ify = (¢}) and
5= (%), then we find that

((y,m) x (8,n)) - (z,7) = (¥, dm +n) - (2,7)
— (t[(CT—F d)(c't+ d’)]_] (z+jc (dm+mn)) ,y&r)

and

(vym) - ((8,m) - (2,7) = (v m) - ('t + a7 (z+jem), 57)
— (t(c1+ )" ((c't+d) " (z+jm) +jsem) ,yéT).
Examining these two equations carefully, we see that it is enough to show that
jeem = ‘(c'T+ d) Y. (fom).
But this follows immediately from the commutativity of (4.1). O

Proposition 4.3.3. If N > 3, there exists a universal family Ty @ Aynivn — Sgn 0ver
the Siegel modular variety Syn.

Proof. The action of the subgroup I';(N) x Z?9 on C9 x G4 is properly discontinuous
and free if N > 3, so the quotient

Aunivn = T(N) 5 Z29\ (C9 x &)

is a complex manifold. Moreover, if we let Ty(N) x Z?9 act on S, by (v, m)-T =7,
the projection CY x &, — &, becomes a I'j(N) x Z*9-equivariant map. Passing to
the quotient defines the family 7y : Ayniv,n — Sgn- O

In fact, the total space Ayniv,n can be obtained directly as a quotient of Aypiy:
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Lemma 4.3.4. The group T4(N) acts on Ay in such a way that Ty(N)\Auniv = Auniv,N-

Proof. Note that Z?9 is a normal subgroup of I;(N) x Z?9, and that its action on
C9 x B4 coincides with the action with which we defined A, in Section 2.2.
Hence, we have an induced action of I'y(N) = TI';(N) x 729/7%9 on Ayniy such that
Auniv,N = rg(N)\Auniv- [

Explicitly, this action is given as follows: if y = (¢ §) € I,(N), and ¢, denotes
the corresponding automorphism of Ay, then @, |a, = Y(ct+d) is the isomor-
phism A = A, of Diagram (4.1). Note that we have a commuting diagram

q
Auniv E— AuniV,N

lﬂ lﬁN
Sy — Gy,

where g denotes the quotient map.

Proposition 4.3.5. The map q : Auniv — Auniv,N S a4 holomorphic covering map, which
is normal, in the sense that the action of T'y(N) permutes the fibres of q transitively.

Proof. This follows from the fact that I'j(N) acts freely and properly discontinu-
ously on Aniy; see the discussion after Theorem 2.2 in [18]. O

4.4 The cotangent bundle of A iy Nn/SgN

In this section, we show that the action of I'y(N) on Ay induces an action on
the relative holomorphic cotangent bundle T, /e,» and that quotienting out by

this action gives rise to T . We then discuss Siegel modular forms. To

univ‘N/Gg‘N
lighten the notation, we will write TV := TJ =« and Ty == T =  for the
1. O 1 ._ O :
cotangent bundles, and Q' := Q) s and Oy = Q, ¢  for their sheaves

of holomorphic sections.
We begin by quoting a general result, which will give T;(N)\T" the structure
of a vector bundle over A iy N-

Lemma 4.4.1. Suppose I is a discrete group acting by automorphisms on a complex man-
ifold X. We assume the action of T is free and properly discontinuous, so that T\X is a
complex manifold and the quotient map q : X — T'\X is a normal holomorphic covering
map. Suppose E is a complex vector bundle on X with the following properties:

(i) T acts on E on the left by vector bundle isomorphisms: each map & — y& is a vector
bundle isomorphism over the left translation L,.

(ii) E is covered by '-equivariant charts. This means that around each point in X, there
is a q-saturated open set 4 (i.e. sk = q~' (U) for some open U C T\X), and a vector
bundle chart

P:Ux C* = Ey

such that P (yu,v) =y (u,v) forally e I, ue U, and v € C".
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Then the set of orbits T\E has a unique vector bundle structure over '\X such that the
natural projection tj : E — T'\E is a surjective submersion, and a vector bundle morphism
over the projection q : X — I'\X. Moreover, the diagram

E— S \E

Lo

X — 5 n\X

is a pullback.

Proof. See [22, Proposition 3.1.1] for a more general statement involving the action
of a Lie group G on a principal G-bundle. We have adapted this statement to
describe our situation — the special case where G is discrete — more explicitly. [

Let [y(N) acton TV = Ayny X Cduy @ -+~ @ Cdug by v — (@) ". To see that
this makes sense, note that if we label the entries of ‘(ct+d) ' as aij, we find that

@y (dw) = d(wio @) = d(}; ayuy) = ) aydu;.
So ((pi;)“ is given on Ty by ‘et + d); in particular, it preserves the du/s.

Lemma 4.4.2. The action y — ((pj,)*1 of T4(N) on TXum /64 satisfies the two conditions
of Lemma 4.4.1.

Proof. First, note that the diagram

(3)7!
T\/ T\/

! !

Py
AuniV ? Auniv

commutes, so condition (i) is satisfied.
Now let U be an evenly covered open subset of Ayniyn. Let U := g~ '(U), and
choose a section s : U — {l. This determines a I';(N)-equivariant isomorphism

Mg(N) x U = 4, (v, %) = @y(s(x)). 4.2)
Define a map

1]):F9(N)><U><(C9—>L[><(Cdu1@---@(jdug:TuV

by
ll)('Y,X,V) = ((PV(S(X)), ((p;)i] (Zividui)))

where } . vidu; € TSV(X). Note that 1 is an isomorphism and is linear on the fibres,
so it is a local trivialisation of T;. Moreover, the diagram

LN xUxC) —Y 5 (xCdwy & - & Cduy

lLyxidxid l(pyx(cp;)*‘
LN xUxC) —Y 5 (xCdwy & - @ Cduy
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is commutative, so is [, (N)-equivariant. Hence, if we use (4.2) to identify I';(N) x
U in the domain of 1\ with 4[, we have the required equivariant chart. O

It follows that I'y(N )\T" is a vector bundle over A,y n in a canonical way.

Proposition 4.4.3. There is an isomorphism

rg (N )\TXuniv/Gg = TXuniv,N /Gg,N (4'3)
of vector bundles over A ypiy N.

Proof. This is clear from inspection of the equivariant charts 1p we constructed in
the proof of the previous lemma. O

We now consider the pullback bundles ¢} Ty and ¢*T" along the zero sections
en 1 GgN = Aunivy and € : G5 — Ayniv.

Lemma 4.4.4. The isomorphism (4.3) pulls back along the zero sections to an isomorphism
of vector bundles on Sy :

FQ(N)\E TAuniv/Gg - 8NTAuniv,N/Gg,N'

Proof. Note that ¢ and ey are holomorphic embeddings, so we can identify e*T"

with the restricted bundle T ), and e Ty with T\l (s, ). Since the subbundle
£(Sgq 9,

TEV(GQ) is preserved by the action of I;(N), the quotient bundle FQ(N)\TEV(GQ) is a

subbundle of [,(N)\T". Itis clear that (4.3) identifies this quotient with Ty, (Ggn)-

O

Definition 4.4.5. Suppose we are in the situation of Lemma 4.4.1. We say that a
section 0 : X — E of E is I'-invariant if o(yx) = yo(x) forally € 'and x € X.

The point of this notion is that I'-invariant sections of E descend to sections of
IN\E, and every section of I'\E arises from a I'-invariant section of E in this way.

Proposition 4.4.6. The sheaves of holomorphic and smooth sections of the vector bundle

ET*\ITXW,N J&gn BTe characterised in terms of the action of T4(N) as follows:

(i) The sheaf of holomorphic sections €3 Q}\univ‘N /G 1 isomorphic to the Os,  -submodule
of Q) Je, consisting of the Tg(N)-invariant holomorphic sections.
(ii) The sh1eaf of smooth sections e’{\,Akva’N /&g 18 isomorphic to the CZ  -submodule
* 0 . . . . .
of e A3 /e, consisting of the Tg(N)-invariant smooth sections.
Proof. This follows from Lemma 4.4.4 and [22, Proposition 3.1.4]. O
Corollary 4.4.7. We have an isomorphism of Cg, | -modules

x 11,0 ~ 100 * M1
EN‘/LlAuniV‘N/Gg‘N - CGQ‘N ®069,N ENQAuniv,N/Gg,N.

Proof. Note that e*" A" = e* A}’ o “is the free CZ -module on the basis of global

sections duj o€, ..., dugo¢, while e*Q' is the free Og ,-module on the same basis.
Hence, ¢* A0 = Cg‘; ®0s, e*Q'. Now use Proposition 4.4.6. O
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Since e*T" is trivial, its y(N)-invariant sections are naturally identified with
functions f : 64 — C9 satisfying

f(yt) = (et + d)f(T) (4.4)

forally =(¢5) € I{(N) and all T € &,. This functional equation is related to the
functional equation for Siegel modular forms.

Definition 4.4.8. Let k € Z. A Siegel modular form of weight k is a holomorphic
function f : &4 — C such that

f(yT) = det(ct + d)*f(7) (4.5)
forally = (¢9%) € T,(N) and all T € &4. We say that f has degree g and level N. 2

Definition 4.4.9. Let k € Z. A C* Siegel modular form of degree g, weight k and level
N is a smooth function f : &, — C satisfying (4.5). °

Remark. From Proposition 4.4.6, we see that Siegel modular forms are global sec-
tions of the line bundle (A% e§ Ty )®*.

The next lemma connects holomorphic functions f : &, — C9 satisfying (4.4)
and sections of the de Rham cohomology sheaf Hx (Auniv,n/Sgn)-

Lemma 4.4.10. There is an isomorphism of Os, ,-modules

1 ~

* 1
WN*QAuniv,N/Gg,N 8N_()'A\.miV,N/Gg,N °

Proof. We first give an isomorphism 7, Q" = ¢*Q'. Note that 7, Q' is free on the
sections duy, ..., duy of the bundle TY, and that the action of Og, is given by
f du; := f o mdu;. On the other hand ¢*Q' is the sheaf of sections of the pullback
bundle ¢*TV. Since the fibre of this bundle above a point T € &, is the cotan-
gent space of A at 0, a section 0 : & — €*T" can be written as an Og, -linear
combination

o=fiduyjoe+---+fydugoe.

Hence, the assignment du; — du; o € gives an Og g—linear isomorphism Q! =
e*Q'. Since this isomorphism preserves I';(N)-invariant sections, it lifts to the
desired isomorphism 7y, Q) = e5,Q1,. O

We will write

9 1 9 1
w — A N*QAuniv/Gg, wN pm— /\ T[N*QAuniv,N/gg,N

for the determinants of the Hodge sheaves of the families A iy /&4 and Auniv,n/Sg N,
and

o— o0 P o0
W = (3 ®os. W, WNeo ' =C& | ®og . WN
9 g g,N g,N

for the sheaves obtained from w and wy by tensoring with the smooth structure
sheaves.

2If g = 1, we should also require that f is holomorphic at co. (Holomorphicity at oo is automat-
ically satisfied if g > 1, by the Koecher principle.)

30One normally imposes a growth condition at co. Following Harris [13, Section 1.1], we will
ignore this condition, since it won't play a role in our construction.
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Theorem 4.4.11. We have bijective correspondences between the following pairs of sets:
(i) global sections of WS and Siegel modular forms of weight k and level N;
(ii) global sections of wﬁz‘oo and C* Siegel modular forms of weight k and level N.

Proof. For (i), note that det *(ct + d) = det(ct + d), and combine Proposition 4.4.6
with Lemma 4.4.10. Part (ii) follows from the same considerations and Corollary
44.7. O

Remark. An interesting consequence of this result is that every C* Siegel modular
form can be written as a Cg‘; (64 n)-linear combination of holomorphic forms.
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Chapter 5

The C* theta operator

We assemble everything we have developed in the previous chapters to define an
operator

. ®k ®(k+2)
On: WNoo — WNioo

The key to the construction of Gy is the Gauss-Manin connection V,, which pro-
vides a means of differentiating relative de Rham cohomology classes: since the
sheaf of Siegel modular forms w%i‘oo is a subsheaf of the twisted cohomology sheaf
H;(Aumv,N / GQ,N)dEtw, we can apply a twist of V, to differentiate its sections.
Postcomposing this with a projection onto the holomorphic part of cohomology
defines a map

%% ik, — Sym’ By ® Wik,

where En o = H&O(Amv,N /Sgn). Iterating this procedure, we define further
maps 3%, ..., 397"% such that composing them, we get a map

~1k 1k 90k . [ ®k 2 ® ok
DI 0 90 90Tt = (Sym” Eneo)™? @ Wy,

Now the representation (Sym2 std)®9 is reducible and contains a copy of (det std)*?,
s0 (Sym” By ,)®9 contains a copy of w{?jix. Projecting onto this copy defines Ox.
In Section 5.1, we show that if k is a field of characteristic 0 or of prime char-
acteristic p > g + 2, then the representation (Sym2 std)®9 of GL4(k) contains
(detstd)®? as an irreducible factor. In Section 5.2, we define the Gauss-Manin
connection on H} (X/S), and show how to twist it by certain representations. In
Section 5.3, we discuss the analytic Kodaira-Spencer isomorphism and give the
construction of GOy. Finally, in Section 5.4, we calculate Oy in the case g = 2.

5.1 A one-dimensional factor of (Sym2 std)®9

Let k be a field, and let E be a vector space over k of dimension g > 1. Consider
the linear representation (Sym? E)®9. We want find a one-dimensional subrepre-
sentation that is isomorphic to (det E)®* = A’(E) @ A°(E). We start by defining a
map

f:(E0E)® - A B e \'(E)
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by
(W @v)® @ (Ug®@Vg) = W A= Aug @ vy A Avg.

Consider the action of the symmetric group S, on E ® E, which is given on pure
tensors by permuting the two factors:

(12):u®@vi—=veu.
This action extends to an action of S;? on (E ® E)®9, via
(Kiyeoi)Kg) X1 @ @Xg 1=Ky - X1 @+ ® Kg - Xgqe

Given w € (E ® E)®9, we define

P(w) = f(Kyeees Kg) - ).

(K7 yerykg)ESSY

This map ¢ is clearly GL4(k)-equivariant. Moreover, it is symmetric in u; and v;
for each i, so it factors through (Sym” E)%9:

(Sym?E)®9 -9, AY(E) @ A\9(E)

I /

(E®E)®
We will show below that ¢ is surjective, so that we have a short exact sequence
0 —— ker —— (Sym?E)®9 —2 A%(E) @ A%(E) —— 0. (5.1)

To show that this sequence splits, we will exhibit a right-inverse for ¢. As a first
approximation, define a GL,4(k)-equivariant map 1 : E®9 @ E®9 — (Sym? E)®9 by
P(L® - Quy) ®(VI®-- ®@Vvg)) ==
Z Sgn(c) Sgn(T) Ugl "V @ - @ uog : VTg'

(0,T)E€Sg XSy

By construction, 1 is alternating both in the u; and in the vj, so it factors through

N (E) ® A°(E)

Choose a basis e, ..., e, for E, so that (e; A --- A ey)®* is a basis for A\?(E)®2. Its
image under 1\ is a sum of terms of the form

sgn(o)sgn(T) esr - e ® -+ ® egg - €rg,

with 0,7 € S4. To what multiple of (e;/\- - - /\ey)®? does @ send these summands?
We first consider the case where o = (1).
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Lemma 5.1.1. Let T € Sy. Then
G(sgn(T)er-eq @~ @eg-eqg) =2"(e1 A+~ Aeg)™,
where T is the number of disjoint cycles in the cycle decomposition of T.

Proof. Letw = (e1®en) ®- - ® (e4 ® erg), and note that each of the 29 summands
of p(er-en @+ @ ey - ey4) is obtained by acting on w by S, then applying the
map f. We record the indices of w in an array:

T 12 ... f-['j R ¢ )
where the i,j-entry is the index of the basis element located in ith factor of E,
within the jth copy of E ® E. Now if (ki,...,Ks) € S;9, then the index array of

(K1y...,Kg) - w is obtained from that of w by permuting within the columns:
(mm ) klg) ) |
ki(Tl) -+ k(Tj) - Kkg(Tg)
We can then read off f((ki,...,Kq) - w) from the rows:

f((K],...,Kg) Sw) = €x (1) /\ .../\ng[g) & e (1) ARER /\ng(Tg).

In particular, note that f sends (ki,...,Kq) - w to 0 exactly when either row of its
array contains a repeated index.

In fact, there are precisely 2" elements of S;? which, when they act on the index
array of w, do not produce a row-repeated index. To see this, suppose that such
an element has exchanged 1, in the top row with i; = t(iy) in the bottom row. Let
(i1 ...15) be the cycle appearing in the decomposition of T to which iy belongs.
We claim that for each 0 < j < s, the i; which was originally in the top row has
been swapped with 1(i;) in the bottom row. If s = 0, the claim is true. Otherwise,
the 1; in the top row must have been exchanged with t(i;) in the bottom row,
since if not, the top row would contain two i;’s. Continuing like this establishes
the claim.

Finally, we need to know that

Sgl’l(T) €x (1) /\---/\ng(g) & €, (t1) AREE /\ng(rg) =(e;/\--- /\69)®2.

If we let p;, p, denote the two rows of the array

(K1(1) e k() e Kg(Q))
Ki(tlh) - k(1) e Kkg(Tg)

thought of as permutations of { 1, 2, ..., g } in one-line notation, then what we have
to show is that sgn(p;) sgn(p,) = sgn(t). In fact, T = p;p,. To see this, just note
that if T factors into disjoint cycles as T = T - - - T,, and the action of S5 exchanges
the indices belonging to the cycles Tj,,...,T;,, then p, fixes each of these indices
while agreeing with T outside of them, while p; = 1j, - - - T3, O
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Lemma 5.1.2. Let 0,7 € Sy. Then
G (sgn(0) sgn(T) ep1 - €n © -+ @ €oq - €xg) = 2" (€1 A+ N eg) ™,
where T is the number of disjoint cycles in the cycle decomposition of o' .
Proof. Note that if (k1,...,Ks) € S;?, we have
sgn(0)sgn(T) ex,(o1) /\ -+ /\ €xyog) @ €y (x1) /\ -+ /\ gy (ng)
= sgn((r’“t) €, (1) N\ evo N eyyg) @ € o1a1) N\ AN € (6-11g)-
Then follow the proof of the previous lemma. O

Recall that the number of permutations of { 1, 2,..., g } with exactly r disjoint
cycles is counted by the Stirling cycle number [9].

Lemma 5.1.3. Let g > 1 be an integer. We have
Yy {9]2* =(g+1).
1<r<g ’

Proof. We argue inductively. The result clearly holds for g = 1, so suppose it is
true for some g > 1. Using the recurrence relation of the Stirling cycle numbers,

we obtain
> L= 2 Gl )

1<r<g+1 1<r<g+1

3 g
1<r<g+1 T 0<r<g T

=3 [t+2 X [I

T T

1<r<g 1<r<g

=g(g+ 1! +2(g+1)!

=(g+2)!.

L]
Lemma 5.1.4. We have ¢ o f]} =gl(g+1)!-id.

Proof. We write r(o) for the number of disjoint cycles in the decomposition of a
permutation 0. We have

pob (e A---Neg)®) = ( D sgn(o)sgn(t)eq - eq @+ ® egg - eTg)

0,T€Sg

_ Z Z 21‘((7*“()(61 A /\eg)®2

0€Sy TESY

=3 D) 20e N Aey)®?

0ESg TES

=g! ( Z [ﬂf) (e1 A\ Ney)®?

1<r<g

=g!(g+1)(es A Aeg)®

44



Theorem 5.1.5. If the characteristic of k is 0 or a prime p > g+ 2, then (Sym* E)®9 has
a subrepresentation isomorphic to (det E)®2. The formula for projection onto this factor is

given by @.

Proof. In this case, m{vl) is a right-inverse for @, so it splits the short exact se-

quence (5.1). O

Remark. Compare the results in this section with [10], in particular the map {3 on
page 96.

5.2 The twisted Gauss-Manin connection

In this section, we discuss the parts of the construction of © that apply to a general
family of complex manifolds X/S. We assume that the fibres of X/S have a Hodge
decomposition, so that by Proposition 3.3.1 and Theorem 3.3.5, we have a splitting

Hi(X/S) = HY @ 1O,

such that %' is identified with the Hodge sheaf f,Q} /s

We begin by defining the Gauss-Manin connection on H'(X/S), following [27,
Definition 9.13] and [1, Section 2.A]. Conceptually, this provides a means of dif-
ferentiating cohomology classes with respect to coordinates on the base S.

Definition 5.2.1. Let £ be a locally free Os-module. A connection on £ is a C-linear
map of sheaves
V:&€— .Q.; RKos g,

satisfying the Leibniz rule
V(fo) =df ® 0+ fV(0),
where f € Os(U) and o € £(U) are sections over some open U C S.

Remark. A similar definition applies to Cg°-modules.

For example, the exterior derivative 0 : Os — Q15 is a connection on Os. More
generally, if V is a local system of vector spaces on S, then V = 0®1 is a connection
on the associated Os-module Os ®¢ V. Note that ker V = V.

Definition 5.2.2. The connection
Vi=0®1:H'(X/S) — Qi @0, H'(X/S)
on H'(X/S) is called the Gauss-Manin connection.
We need a smooth extension of V to the Cg°-module H! (X/S) := C° ®c R'f.C.

Definition 5.2.3. The connection
Voo :i=0®1: HL(X/S) = AL ®ce HL,(X/S)

on H! (X/S) is called the C> Gauss-Manin connection.
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By definition, the operator 3 : C$® — AL restricts to d : Os — Ql, so the
connections V and V,, agree on H'(X/S). Note that we can use the relative de
Rham isomorphism to get connections on H}z (X/S) and C° ®o, Hig(X/S).

Consider a representation of the form

Kk = K" = (Sym”std)® @ (det std)®*, (5.2)
where j > 1 and k > 1. We will “twist’ the sequence
7_[1,0 i 7_[1,0 D 7_[0,1 P H],O
by k. Taking determinants gives

sdet

det
NHY 0 @ g AMHO @ NVHOT s NSH,
while taking symmetric squares gives

) m2 Symz
Sym* H" —— @, ,Sym" H'* ® Sym” H>' F— Sym? H'?.
Taking tensor powers then gives maps 14", pdet®* and iSym)¥ &™) Tensor-
ing these maps together, we obtain a sequence which we will denote by

(M) = (Hye)" " (H'9)".
We also have a smooth version of this sequence:
(HE)" = (ML) =" (1),

which we get by tensoring with C¢°.
Note that we can extend V., to a connection VE* on (H! )®* via the Leibniz
rule:
VWi @+ @) = Z (Vi@ ® Veo(vi) ® - ®vy),

1<i<g

where vy, ..., v, are sections of (H.,)®* over some open subset of S, and
i1 K—it1) ~ K
o (ML) oA e (HL) Y 5 Al e (1))

is the isomorphism that swaps the 1st and ith factors. In a similar way, we can
extend V., to symmetric and exterior powers of H! . This allows us to define a
connection
V. (/HLO)K — A;’O Rege (HLO)K,
which we refer to as the twist of V, by k. (For a more detailed discussion of this
twisting operation, see [9].)
The following diagram is the basic component of the operator ©:

(HY)" ———— (HL)"

| [ (5.3)

K

AP ® (HY)" <o A @ (HL)"
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5.3 Definition of ©

We now specialise the constructions of the previous section to our families of
abelian varieties Ayniv/ G4 and Aunivn/Sgn. We denote their Hodge sheaves by

— 1 . 1
E T T[*QAuniv/Gg and EN T T[N*QAuniv,N /Gg,N,

and we write

Eoo = Cg; ®OGQ E and EN 0o — Cg;‘N ®069,N EN

)

for the smooth versions of these sheaves. If k = k* is a representation of the form
(5.2), then we denote the twists of E., and Ey « by EX, and (En ). Note that we
have w, = E&t and WN,00 = (EN,OO)dEt in the notation of the previous chapter.

If we consider Diagram (5.3) with respect to the family A /&4, we see that
the dashed arrow lands in the space Ag’ ® Ef,. Since our operator © is defined by
iterations, we need to interpret Ag‘; ® EX,_ as EX. for some representation k’. Note

that if z;; = z;; denotes the standard coordinates on &, then the sheaf Qgg is free
on the basis dz;; = dz;;. On the other hand, if u, ...,y are the usual coordinates
on C9, then E is free on the basis duy, ..., du,. The map

KS:Sym’E — Qg ,  du;i-duy — dz;

is an isomorphism of Og, -modules, known as the Kodaira-Spencer isomorphism.
Extending its inverse to a C* isomorphism KS™' : Ag‘; = Symz E., we define a
map 9 : EX" — EX"" by the diagram

EX = » (1)
a I
e AL ® ()" (5.4)

I
I
i lKS” ®id
3

Sym’ Eo ® EY, 45 Sym’ Ee @ (HL,)"

The next step is to show that 9* descends to a map

WHhk

O (EN,OO)Kj’k — (Enyoo)

Now both Q]eg and Sym® E have actions of Iy(N), such that Q‘Gg = Fg(N)\Q]69

and Sym2 En = Tg(N)\ Sym2 E. Since KS is equivariant with respect to these ac-
tions (see [11, Section 14]), it descends to an isomorphism KS : Sym?* Ey = Qgg o
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We define 9 by the diagram analogous to (5.4) for the family Ay n/Sgn:

(Enoo) = y (ML)
s Je
ol AL @ (HE)"

i lKS” ®id
2 K 2 K
Sym® En oo @ (Enyo0)* {5 Sym™ Enoo ® (Hi)" -
By construction, 9 is a lift of 9.
Let proj : (Sym?Ey )% — wﬁfoo be the projection induced from Theorem
5.1.5.

Definition 5.3.1. The C™ theta operator Oy : wy, — w{? is defined to be the
composition
On = (proj®id) o 19]%7]’1( 0-++0 19]]\]]‘ o ﬁﬁk.

To compute Oy, we lift it to a map © : W&k — w2, defined by
© = (proj®id) o 991k o ... o 9hk o §OK.

Here proj is the projection of (Sym? E,,)®9 onto w&?. The computational problem
is to find a formula for O(f du; A --- /A dugy), where f is some smooth C-valued
function on &,. Consider the ‘untwisted” theta operator

E : > H!
| [
i 1,0 1
19 Ag, @ He

I
I
i lKS*1 ®id
+

this ¥ is the basic operator introduced and calculated by Harris in [13, Section 4.3].
Let z = (z;;) be the standard coordinates on &,. We want to know how 9 acts on
the basis duy, ..., duy of E,. Recall the Equations (3.13):

dur = o1+ 3 qoycy ZvBys din = o+ 3 qoycy ZvB-
Writing these equations in terms of matrices
du = x + zf3, dia =+ zp
(here du, du, « and (3 are column vectors), we see that

du—da=(z—2zZ)p = B = Zliy“(du—dﬁh

48



where y = Imz. So the projection of p onto E is 5.y ~'du. Now by definition,
Ve ldu) = Z1SV§9 dzi, B+, so the formula for ¥ is

1
Hdw) =5 ) duy-dw® (y'du)y, (5.5)

1<v<g

where (y~'du), is the vth entry of the column vector y~' du.

5.4 Computation of O for g =2

In this section, we compute © = (proj®id) o 9% o 9. We proceed in stages:
first we compute 9, then (proj ®id) o 9. Note that when g = 2, Equation (5.5)
becomes

ﬂ(dul)

= Zldety (922 du1 . dul X du1 —y]z dLL] . dul (029 du2

— Y2 du - duy ® dug +ypy du, - duy @ duy). (5.6)
Lemma 5.4.1. If f : &, — C is a smooth function, then

of k Y of k Y12
= f ) du-d - - f)du-d
(az” - 2idety ) t u]+(az12 idety ) et

ﬂo‘k (f (dLH /\du2)®k) =

of k Y
— fldu,-d duy A du,)®*.
+ (6222 + 2idety ) 2 u2] (duy uz)

Proof. Note that

% (f (duy A duy)®*) = f ® (duy A duy)®®
+ kf 90! (dus A duy) @ (duy A duy)® )

where 0f = a;f] du, - duy + azfz duy - dw, + ag; du; - du,. Then use (5.6) to compute
that

1
901 (dwy A duy) = m(yzz duy - duy — 2yy; dug - duy + Yy du, - du,)

® du; A du,.
]

We now look at 9. Suppose F,G,H : &, — C are smooth functions. By
definition of 8%, we have
M ((Fduy - duy + G duy - dup + Hduy - dup) (duy A duy)®) =
[0F @ duy - duj 4+ 9G ® duy - dup + 0H ® du, - dup| (duy A du,)®*
+ [F9M°(duy - duy) + G 90 (duy - duy) + HOM(duy - duy) ] (dug A duy)®*
+ [Fduy - duy + G duy - dup + Hdug - dup |99 ((dwy A dup)®). (5.7)

Instead of expanding everything out to obtain a formula for 9", we will apply
proj ®id to (5.7) directly. First note the following:
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Lemma 5.4.2. Suppose du;, - du;, ® du;, - duj, € ESY“‘Z(GQ). Assuming without loss
of generality that 1y < i, and j; < j,, we have

4 (dwuy A duy)®? hWw=L=1land j =j, =12

4(duy Ndu)®? L= =2andj; =j, =1

2(duyy Adw)®?* 41 =ji=1land i, =j, =2

0 otherwise.

proj(du, - dw;, ® du;, - dw;,) =

Proof. Immediate from the definition of proj. O
Lemma 5.4.3. If we apply proj to the coefficient of the first (du; A du,)®* on the RHS
of (5.7), we get

proj(0F ® du; - du; + 0G ® duy - du; + 0H ® du, - duy) =

oH oG oF
4 -2 +4 (du; A du,)®2.
0z 0z12 0z

Proof. Note that

oF oF oF
oF = —du1 . du1 + —du1 . duz + —duz : duz,
0z 021, 022
and similarly for 9G and 0H. Then apply the previous lemma. O

Lemma 5.4.4. If we apply proj to the coefficient of the second (duy A\ du,)®* on the RHS
of (5.7), we get

proj(Fﬂw(du] cdug) 4+ G0 (duy - duy) + HY(du, - duy)) =

i
—— (ynF G H) (duy A duy)®2
+dety(y” +Y12G +ypH) (duy uy)
Proof. Using (5.6), we find that
191’0(du1 : dLL1) = Zﬁ(duﬂ - duy
1
~ idety
— Y2 duy - du, ® duy - duy +yg7 duy - duy ® duy - duz),

(UZZ du1 . dU1 ® dlL] . d‘LL1 — Y12 dLL] : dU1 &® du1 . dLLz

and
191’0(du2 : duz) = Zﬁ(duz) - du,
1
~ idety
— Y2 du, - duy ® duy - duy +yg7 du, - du; ® dug - duz),

(UZZ duy - du, ® du, - duy — Y2 du; - du; ® du, - du,

and

90 (dwy - duy) = 9(dwy) - duy + duy - H(duy)
1
— Zldety (UZZ du; - duyy ® duy - du, —Yn2 du; - du; ® du, - duy

— Yz duy - du, ® duy - duy +yg7 duy - duy ® du, - du,

+ Y22 du1 . dLLz & du1 . du1 — Y12 dLL1 . dLLz ® du1 . duz
— Y du, - du, ® duy - duy +Yn du, - du, ® duy - duz).
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Hence, we have

1 Y — 2 Y1

(a0 , _
proj(d"(duy - duy)) : dety dety

. 1 yn . Yn2
1,0 . = (— 242—-4) — =2
proj(d " (duy - duy)) = (—4+2 + 4) 2idety lde’ty

1o B 1 Y2 . Yz
proj(d " (du, - dup)) = -2 - 2

idety = dety’

O
Lemma 5.4.5. If we apply proj @ id to the third term on the RHS of (5.7), we get
proj ®id ([F du; - du; + Gdu; - duy, + Hdu, - duz] ﬁo’k((dm A du2)®k)) =
2Kki
— 2 (ynF 4 unG + yaH) (dw A duy)®42),
dety
Proof. Just take f = 1in Lemma 5.4.1, and project. O

Combining the previous three lemmas, we get:

Lemma 5.4.6. A formula for (proj®id) o 9"* is given by
(proj®id) o 9" ((F du - dwy + G duy - duy + Hdu, - duy) (duy A du,)®*) =
oH 0G oF  2(k—1)i
(4 ( ) (ynF+ynG +y22H))

—2— +4
(duy A duy)®*+2 . (5.8)

aZH aZ]z 6222 B det y

Finally, to compute O(f (du; A du,)®¥), we substitute
of k Y £ - of k Y12 ¢ o of k Y1

F= = = :
aZn 2idet y ’ aZ]z i det y ’ aZZZ 2idet Yy

into Equation (5.8).
Lemma 5.4.7. With these values of F, G and H, we have

oH 0G oF o%f o%f
4 -2 4 =8 -2
0z11 0z1, i 0z 0211022 0212021,
_ 2ki of i N of B k
dety Iz y‘za Y20 dety
Proof. By the product rule,
oH 0G oF 0% f o%f 0%f
4 -2 4 =4 -2 4
aZn aZ]z + alzz aZnaZzz azfz + alzzaZn
2ki of n of n of
dety y”a Z1 yua Z12 yzzaZZZ

[ O Y 0 Yn 0 yxn
— 2k f.
t (6211 dety + 0z, dety + 0z dety
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To simplify the last term, recall that
o 1/0d : 0
8211- N 2 aXij ayi)- ’
SO

. 0 yn 0 yn 0 yYn
— 2k =
' <azn dety i 0zy; dety N 0z, dety

x 0 yYn 0 yn 0 yn
dypydety  Odyjppdety  dyxpdety )’

Using the quotient rule, one computes easily that

—k( 0 yn 0 yn 0 yzz>_ —k

dyiidety  dyppdety  Odypdety/) dety’
U
Theorem 5.4.8. For g = 2, the theta operator Oy : wﬁj‘oo — wﬁfgjz) is given by the
formula
o%f 04 2(2k—1)i of of of
O(f (duyAduy)®*) = |8 —2—— —
( ( ot uZ) ) [ aZnaZzz al%z dety (y” aZn +y]zaZ1z +y22 6222>

2k — 1
— Mf] (du1 /\ dLLz)®(k+2).
dety

Proof. With F, G and H as above, it’s easy to see that

of
821

of .
ynF+ynG+ynH =yn +yp—— —kif.
2

or
1 2 0z

621

Combining this with the previous lemma and Lemma 5.4.6 establishes the result.
O

This is the formula for Maass” operator 6,; see [21, Section 19].
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Index of notation

Here is a table of the most important notation occurring in this thesis, roughly or-
ganised by chapter. In this table, X denotes a complex manifold, and X/S denotes
a family of complex manifolds.

Chapter 2
M (ny)
H*(X;C)
H*(X, F)
H*(X/S)

Chapter 3
Ox

3

Txr

Txc

(Ay /sy dx/s)
OF s
(-O->‘(/sa aX/S)
HER(X/S)

the fundamental group of X at a point x € X

the kth singular cohomology group with coefficients in C

the kth cohomology group with coefficients in an abelian sheaf 7
the kth relative cohomology sheaf of X/S

the sheaf of holomorphic functions on X

the sheaf of smooth complex-valued functions on X

the tangent bundle of X, considered as a smooth manifold
the complexified tangent bundle of X

the holomorphic tangent bundle of X

the complexified cotangent bundle of X

the holomorphic cotangent bundle of X

the sheaf of smooth complex-valued k-forms on X

the subsheaf of A% consisting of forms of type (p, q)

the sheaf of holomorphic p-forms on X

(X, AY)

the exterior derivative of the de Rham complex

the holomorphic and anti-holomorphic components of d
the kth de Rham cohomology group of X (with complex coefficients)
the relative tangent bundle of X/S, considered as a smooth family
the complexified relative tangent bundle of X/S

the holomorphic relative tangent bundle of X/S

the complexified relative cotangent bundle of X/S

the holomorphic relative cotangent bundle of X/S

the sheaf of C* complex-valued relative k-forms on X/S
the subsheaf of _,41;’(75‘1 consisting of forms of type (p, q)

the smooth relative de Rham complex

the sheaf of holomorphic relative p-forms on X/S

the holomorphic relative de Rham complex

the kth relative de Rham cohomology sheaf of X/S
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10 40,1
HYY, H

L

Chapter 4
Splg (R)
Splg (Z)
Fg(N)
69

Sy
Auniv
Auniv,N
£

EN

w

wnN

Woo
wN,oo

Chapter 5
std

Sym?

det

sgn

\%

Voo

K

M (X/S) =HL,

1,0
Hey

(H)S, (H)

Vo

proj

holomorphic and anti-holomorphic summands of H} (X/S)

the de Rham isomorphism H/; (X) — H'(X; C)

the real symplectic group

the Siegel modular group

the level N principal congruence subgroup of Sp, (Z)
the Siegel upper half space

the Siegel modular variety of level N

a universal family of abelian varieties over &,

a universal family of abelian varieties over G4 n

the zero section of 7 : Ayniy — G4

the zero section of 7N @ Auniv,n — Sg N

the determinant of 7., Q)
the determinant of 7y, Q)
C%Og ®@69 w

C%‘;N ®069‘N WN

9

univ,N/6g,N

the standard representation of GL4(C) on C9

the symmetric square of the standard representation
the determinant representation of GL4(C) on C9

the sign of a permutation

the Gauss-Manin connection

the C*> Gauss-Manin connection

the representation (Sym?std)® ® (det std)®*

either C3° @p, H'(X/S) or CL ®o, Hiz(X/S)

C ®@p, HM

twists of H!, H1Y by k = k¥

the C> Gauss-Manin connection twisted by k = k*
the Hodge sheaf H*Q}\mv /64

the Hodge sheaf my, Q)
CE ®og, E

€8\ B0, En .
twists of Eo, Eneo by k = K>
the Kodaira-Spencer isomorphism

the C* theta operator w&*_ — w§ ™

the canonical lift of Oy to w®

the jth component of Oy

the jth component of ©

the untwisted theta operator E,, — Syrn2 Eow @ Eg

univ, N /69,1\1

k

the projection (Sym” Ey o, )®9 — wﬁ?oo, or its lift to (Sym” E,,)®9
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